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CHAPTER - I 


INTRODUCTION 

1.1 HISTORICAL INTRODUCTION : 

A function f defined in a domain D is said to be 
univalent in D if it is one-to-one in D, that is, f takes 
on no value more than once in Dj in otherwords, if 
f(zj^) = f(z 2 ) and ^ ^ then Zj^ = z^* The function 

f (z) = z is analytic nowhere but it is univalent in the 
complex plane ({:, A necessary condition for an analytic 
function f to be univalent in D is that f*(z) 4^ 0 for z 
in D which itself is not sufficient! for example, f defined 
by f(z) = e^ is not univalent in (j) though its derivative 
never vanishes in (f). 

Without loss of generality we assume D to be the 
open unit ^isc U = {z;|z| < 1}. Because of the Riemann 
mapping tneor^, any simply connected domain in the complex 
plane (j; which ^ not the whole plane, can be mapped by an 
analytic function univalently onto the unit disc U. Thus 
the investigation of analytic functions which are univalent 
in a simply connected domain with more than one boundary 
point can be confined to the investigation of analytic 
functions which are univalent in U. This is to simplify 
and to give short and elegant formulae. 
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Let H be the class of functions f analytic in U 
which have the series representation around z = 0 of the 
f orm 

(1.1.1) f(z) =Z+S a z^. 

n=2 ^ 

Obviously, for f £ H, f(0) ^ f’(0) - 1 « O. Let S denote the 
subclass of H consisting of univalent functiOE>s in U. Also 
we denote byU^ = {z£(|:: jz| <r}, = {z £ (t;|z| = r} 

and 0^ = = {z £ (f: ; |z| < r}. 

The Koebe function k, defined by 

(1.1.2) k(z) = = z + E nz"^ 

(1-z)"^ n=2 

which maps U onto the slit plane ([: %((-■", -■^J} is the 
leading example of a function in S. It may be noted that 
the conformal mapping of U onto (j: X {te^® • ^ 1 ^ 

which belongs to S is e^ (ze""^ ^ ) , a 'rotation' 

of k (which we will also call rotation of the Koebe 
function) provides solution to many extremal problems for 
the class S. After Koebe 's [55] initiation, the eajriy. 
works on univalent function theory can be found in 
Bieberbach [l2] , Gronwall [42 » 43] > Pick [ 97 ] and 
Faber [ 30 ] • 

In 1916, Bieberbach [l3] proved that for every f 
in S, |a 2 l < 2 with equality only for the rotation of the 
Koebe function (1.1.2). In a footnote he remarked that 


perhaps quite generally 



(1.1.3) 


Uni < n, n = 2,3,... 


holds for every f in S. This footnote became the famous 

Bieberbach conjecture and has been the principal stimulus 

for research on univalent functions. 

Lowner [66], Garabedian and Schiffer [34] , 

Pederson [95] and independently Ozawa [92] , Pederson and 

Schiffer [96] have proved the Bieberbach conjecture for 

the coefficients On for n = 3,4,6 and 5 respectively. 

Besides the estimation of individual coefficients, there 

exists a tradition of estimates of the form |e^i < cn +d 

for every n = 2,3,... . Such estimates (for c and d) are 

obtained by Littlewood [64] , Milin [71] , FitzGerald [3l] 

Horowitz [46,47] . There is also a beautiful regularity 

r T l^nl 

theorem of Hayman [45] stating that lim — — exists for 

n -♦ c>o 

every f in S, and is smaller than 1 unless f is a Koebe 
function. 

For f in S, it is often useful to look at the 
related function 

(1,1.4) h(z) = {f(z^)}^/^=bj^z+b 3 z^+. ..,bj^ = 1, 

This is an odd function in S, and every odd function h in 
S can be represented as such a square root transform. In 
1936, Robertson [106} conjectured that if h is an odd 
function in £, then 



(1.1.5) 


2 


n 

S 

k=l 




< n, n = 2,3,..., (bj^ 


1 ) 


and he showed that this conjecture implies the Bieberbach 
conjecture. Robertson’s conjecture is in turn implied by 
the Milin conjecture [ 71,p.72] stating that if f £ S and 


(1.1.6) log (^^) = 2 E c. 2 ^ 

^ k=l ^ 


then 

(1.1.7) 


E k(n+l-k)|c^l2 < E (^"^J;"^), n = 1,2,... 
k=l ^ “ k=l ^ 


Recently in 1984, Louis de Branges [26] gave a 
proof of the Milin conjecture (and hence of the conjectures 
of Bieberbach and Robertson). It is clear that de Branges 
miraculous proof should lead to deeper inequalities than 
the Milin 's conjecture and is surprisingly short in view 
of the rich continuing history of the problem and the great 
effort that went into trying to settle this conjecture. It 
is to be noted that de Branges has shown the true depth of 
Lowner's work. Another simpler version of de Branges proof 
was given by FitzGerald and Pommerenke [32] . 

A detailed treatment of the information about the 
univalent functions are the books by Pommerenke [ 101} , 

Duren [27] and two-volume book of Goodman [40] . Certain 
aspects of the subject have also been covered in the books 
by Nehari [86] , Goluzin [39] , Hayman [45] , Jenkins 
and Olli Lehto [56] . Schober's lecture notes [124] provide 






an additional information about the linear space and quasi 
conformal connections. A recent exhaustive Bibliography 
of schlicht functions by Bernardi [9] containing more 
than 4200 references is also available in the literature 
on the subject till 1981. 

1.2 THE CLASS P(A.B) ; 

The various conjectures (e.g., Bieberbach conjecture, 
Milin conjecture, Robertson conjecture etc.) attracted 
eminent mathematicians to work in the theory of univalent 
functions. Attempts to prove or disprove these conjectures 
inspired researchers not only to develop elegant and useful 
techniques in complex analysis but also led to the introduction 
and study of various subclasses of univalent functions. In 
this section, we give some basic definitions of various 
subclasses of functions with positive real part. 

Let B|^ be the class of functions w, analytic in 
U with w(0) = 0, and |w( 2 )| < 1 for z G U. The following 
basic result for functions in Bj^ is well known. 

L EMMA 1.2.1 [Schwarz Lemma] If In then 

|w(z)l 1 |z|, z £U equality holds if and only if w(z) = Xz 
w here | X | = 1 . I 

We call functions in Bj^ as Schwarz functions. 

Suppose f and g are analytic in U. We say that f 
is subordinate to g, written f <^g or f(z) <^g(z), if there 
exists a function w in Bj^ such that f(z) = g(w(z)), z € U. 



If g is univalent in U, then f if and only if f(0) = g(0) 
and f(U) C^g{U) [27 ,p.35]. 

We denote by Pj^(A,B), -1 < B < 1, B < A the class of 
functions p of the form pCz) = + ... and 

defined by 

for some w G B^^ with an expansion 

\n(z) - + ... , z 6 U. 

For convenience, we write Pj^(A,B) E P(A,B). An application 
of subordination principle (see Duren [27 ,p. 190-191]) 
yields that image of |z| < r < 1 under p 8 Pj^(A,B) is 
contained in the disc 


(1.2.3) jh “ a^q I ^ dj^, 

where 


(1.2.4) a 


N 


1-ABr^^ 


'N 




It immediately follows from (1.2.4) that if p 6 Pj^(A,B), 
then on |z| = r < 1, (-1 < b < A < 1) 

(1.2.5) < Re {p(z) } < |p(z)| < . 

l-Br^^ ■ ~ “ 1+Br‘^ 


The inequalities are sharp for the function 


Po(z) 


1+Az 

l+Bz 


N 

r4 1 



The class P(A,3) plays a significant role in the study of 
univalent functions. In fact, many of the problems 
in univalent functions may be formulated informs of members 
of P(A,B). The following special cases of P(A,B) are of 
interest : 


P(l-2p,-.l) = {p: 
P(l,—1 4- jjj) = {px 
P(l,2p-1) = {p: 

P(P,0) = {p: 

P(P,-P) = {p; 


Re p(z) > p, z £U, 0^ p < 1} 

1p(z)-m| < m, z e U, M > -} 

1p(z) — 2^1 ^ 2^’ z 6 U, 0 < p < 13 

|p(z)-ll < P, z e U, 0 < P i 13 

|p(z)-l|/|p(z)+lt < P,z e U, 0 < P < 1 3 . 


Several results concerning these classes may be found in 
Janowski [49] McCarty [69,70], Schaffer [123], In recent 
years there have been several papers in literature on 
P(A,B) or on classes with different parametrization. With 
different parametrization the class P(A,B) (-1 ^ B < A ^ l) 
was introduced and studied by Juneja and Mogra [ 52 ] also. 
The function p in P (s P(l,-l)) need not be 
univalent in U, Just as the Koebe function plays a crucial 
role in the study of class S, likewise does the function 


( 1 . 2 . 6 ) 


p(z) 


l+z _ 
l~z 


1+2 I 
n=l 


z 


n 


in the study of the class P, 
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1 .3 CERTAIN SUBCLASSES OF H : 

We consider next the subclasses of H consisting of 
starlike and convex mappings. A domain D in the complex 
plane is called starlike with respect to £ D provided 
that tw + (l-t)w^ G D when w 6 D and 0 < t < !• In other 
words, if a point is in D, then so is the line segment 
connecting that point to w^. Let S* denote the class of 
those analytic functions f in H for which f(U) is starlike 
with respect to 0, The family S* is analytically characterized 
by f e H and 

(1.3.1) Re } >0, z e U 

or equivalently f G S* if and only if G P(l,-l) b P. 

From 

(1.3.2) {arg f(re^®) } = Re {re^® il l , 

f (re^^) 

(z=re-"^,O<r<l,O£0 < 2n) 

it follows that (1.3.1) expresses the local fact that the 
argument of the vector f(re^'^) increases with 0. 

The family S*(p3 (called starlike functions of order 
P < l) can be defined by f 6 H and 

Re } > p, z e U, p < 1. 
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For 0 < p < 1, S*(p) is clearly a subclass of S* and it is 
readily seen that f £ S*(p) (0 ^ p < l) if and only if 

£ P(l-2p,-l). 

In recent years various subclasses of S* have been 
considered by different researchers in the field. Prominant 
amongst these being the classes S*(A,3) (-1 < B < A < l), 
S*(1-2P,-1) (0 ^ p < 1), S*(l,-1 + i) (M > |), S*(p,0) 

(O < p ^ l), S*(p,-p) (0 < p ^ l) for which the function 

^ t 

f e H is such that is respectively in P(A,B), P(l-2p,~l) 

(O ^ P < 1), P(l,-1 + ^) (M > |), P(p,0) (0 < p < 1) and 
P(p,-p) (0 < p ^ 1), Several results on these subclasses 
of starlike functions may be found in Robertson [107], 
Janowski [49 ]> McCarty [70], Padmanabhan [93], Bhargava and 
Nanjunda Rao [lO,ll}, Al-*Amixi [3], etc. 

A domain D in the complex plane is said to be 
convex if for every pair of points W 2 in D, the line 
segment joining them is also in D. Let K denote the class 
of all analytic functions f in H for which f(U) is convex. 

The family K also has an analytic characterization, viz., 
f is in K if and only if f 6 H and 

(1.3.4) Re {1 + > 0, z £ U. 

As a local condition, (1.3.4) is equivalent to the assertion 
that the tangent to the curve w = f(re ), 0 < 0 < 2%f turns 
counterclockwise as © increases. This follows because the 
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angle of the tangent to this curve is arg {izf (z)} and 


(1.3.5) ^ {arg (ire^^f ’ (re^®) ) } = ^ {Im log (ire^^f '( re^®) )} 

i0_p •,/ iG\ 

- Rp n + re f "(re ) , 
f ’ ( re ) 

Analogously, f G H is said to be convex of order p, 

P < 1, denoted by K(p), if and only if 


(1.3.6) Re {1 + > p, z e U, 

or equivalently {1 + } € P(l~2p,-l). A comparison 

of (1,3.1) and (1.3.4) shows that the map f ■> g defined 

\ -1 

by g(z) = j f(t)t"' dt establishes a one-to-one correspondence 
o 

from S* onto K, Similarly, f 6K(p) if and only if zf’ 6 S*(p). 
The classes S*(p) and K(p) for 0 < p < 1 were introduced by 
Robertson 0-07] . We say that a function f in H is in K(A,B) 
if and only if zf G S*(A,b). Clearly K(A,B) is a subclass 
of K and K(l-2p,-l) s K(p) (0 ^ P < l). As noted earlier, 
for different choices of A and B, we may obtain different 
subclasses of K. 

Stroh hacker [143 ] and Marx [68] proved that every 
convex function is starlike of order 1/2 and that the result 
is sharp. Later, Jack [48] proposed a general problem, viz., 
if f 6 K(X) .<0 1 X < 1), find p « p(x) such that f G S*(p). 

Jack himself gave a partial answer to this problem. However, 

Goal [ 35 ] and MacGregor [67] solved this problem independently. 
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Their rusult runs as follows ; If we let f G K( X) (0 ^ X < l), 
then f G S*(p(X)) where 


(1.3.7) p(X) 


1/2 log 2 , if X= l/2 . 


A natural generalization of starlikeness leads to 
the class of spirallike functions which gives another useful 
criterion for univalence. 

A logarithmic spiral is a curve in the complex plane 
of the form 

(1.3.8) w = w^e”^^ , -00 < t < “ 

where w^ and a are complex constants with w^ / 0 and 
Re {a} / 0. If we take a = e^^ * ^ ^ ^ ^ f the curve 

(1.3.8) is called a X-spiral which joins a given point 
Wq / 0 to the origin. 

A domain D containing the origin is said to be 
X-spirallike if for each point / 0 in D the arc of the 
X-spiral form w^ to the origin lies entirely in D. A function 
analytic in U, with f(0) = 0, is said to be X-spiral [141 ] 
if f(U) is X-spirallike. 0-spirallike functions are simply 
the starlike functions. Analytically, a X-spiral function 
f G H is characterized by 


(1.3.9) Re M j lj} } > 0, z G U, | x| < %/2 
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Libera [62] introduced the class of \~spiral 
functions of order p (0 ^ P < l), denoted by s\p), by 
replacing the condition (1.3.9) by 

(1.3.10) Re p cos X , z G U. 

Another interesting subclass of S which contains S* 
is the class of close-to-convex functions introduced by 
Kaplan [54]. 

A function f, analytic in U, is said to be close-to- 
convex, if there exists a convex function g not necessarily 
normalized, such that 

(1.3.11) Re > 0, z e U. 

We shall denote by C, the class of close-to-convex functions 
f normalized by f(0) = 0 = f’(0) - 1. Every close-to-convex 
function is univalent. It may be observed that K Cl S* CZ C OS. 
However, a close-to-convex function need not be in S* as can 
be seen by considering the function f defined by 
f (z) = log (l-z), z 6 U. It may also be 

noted that the function h defined by 

h(z) = z exp {(i-l) log (l-iz)}, z G U, where log denotes 
the principal branch of logarithmic function, is ^ -spirallike 
but is not close-to-convex in U, 

Taking g(z) = z in (1.3.11), we see that the class 
C reduces to the class R of functions f in H such that 
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(1.3.12) Re {f'(z)} > 0, z e U. 

Let R(p) (p < l) denote the class of functions f G H 
such that Re {f’(z)} > p, z 6 U, It is clear that for 
0 ^ j3 < 1, R(p)CrR that R(P) consists of univalent 
functions only. For further works on R we refer to [l46 , 65]. 

Yet another subclass of C, the class of functions 
starlike with respect to symmetric points, is due to 
Sakaguchi [l20]. 

A function f in H is said to be starlike with respect 
to symmetric points [120] if for every r close to 1, r < 1 
and every z^ on |z| = r, the angular velocity of f(z) about 
the point fj-z^) is positive at z = z^ as z traverses the 
circle |z| = r in the positive direction, i.e., 

(1.3.13) Re j } > 0, for z = z^, |zq| = r. 

Analytically, it has been characterized [ 120] (see 
also [lOS]) that, a function f in H is univalent and starlike 
with respect to symmetric points if and only if, 

(1.3.14) Re { } > 0, z e U. 

Motivated by (1.3.13), the class of functions starlike with 
respect to N-symmetric points has been introduced and studied 
by Rattan Chand [ 22], Prithvipal Singh [132] and Reddy [ IW]. 

Mocanu [83] defined the following class by means of 
linear combination of starlikenes-s and convexity that has 
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occupied wide attention in the recent years (see als© [l2l])* 
A function f £ H is said to be a-convex in U if 
f(z) ^ 0 and 

(1.3.15) Re {(1-a) + a( ^| - r(|^-^ ' + l)} > 0, z £ U. 

The class of all such functions is denoted by M^. This 
definition is meaningful if a is real. However, f or a 
real, Miller et al, [ 79 ] have shown that if f is in th^en 
for a 2 f is convex while if a < 1, then f is starlike. 

Bajpai and Silvia [ 5 ] introduced the concept of 
order for a-convex functions. 

An explicit construction for a very wide class of 

V 

functions analytic and univalent in U was given by Bazilevic 
[7 ] (see also [lOO], [l25],...) as follows: 

Let g be a normalized starlike function in U, h be 
an analytic function in U such that h(0) = 1 and 
Re {e^'* h(z)} > 0 for some real v . Then if a > 0 and p 
real, the function f, defined by, 

z ^ 1 l/(a+i6) 

(1.3.16) f(z) = [ / 9 (t)h(t) t dt] 

0 

is single-valued, analytic and univalent in U and is called 
Bazilevi^ function of type (a,p), this class being denoted 
by M(a+ip) (Powers in (1.3.16) are meant as principal values). 
Thus, f is in M(a4-i^) if and only if, there exists a g £ S* 
and a real v such that 
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(1.3.17) Re £e 


IV 


[g(z)]“ 


} > 0, z e u. 


The functions f that arise from (1.3.16) when h(z) m 1, musll 
s atisfy 


(1.3.18) Re {1 + ^ + (a+ip-1) } > 0, z G U. 

Conversely, if f 6 H, f(z)f'(z)/z 0 in U and f satisfies 

(1.3.18) for a > 0, then the function can be written in the 
form (1.3.16) with h(z) a 1. In [28 ]» Eenigenburg et al, 
showed that if a function f £ H with f(z)f’(z)/z 51 ^ 0 in U 
satisfies (1.3.18) then f £ S^(0) where X satisfies 

X = arg (a+ip), < X < ^. It may be noted that for = '^ 

and p = , (1.3.18) takes the form 

(1.3.19) Re {a* cos P'(l + ) + (e^P ' cos P ' )^f{^ } > 0, 

z £ U 

for some a' > 0 and |p'| < For p’ = 0, (1.3.19) reduces 
to the condition (1.3.15) for a'-convex functions. 

1 • 4 CQIWOLUTION OF ANALYTIC FUNCTIONS : 

Recently, there has been considerable interest in 
studying the properties of Hadamard product (or convolution) 
of analytic functions in U. Given two analytic functions 

00 00 

f(z) = I a z"^, (|z| < R,) and g(z) = S b 2 ^, (|zj < R^), 
n=l " n=l ^ ^ 

their Hadamard product is defined as the power series 
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(1.4.1) (f . g)(z) = S 

n=l 

anci represents an analytic function in |z| < 

In 1958, Polya and Schoenberg [ 98 ] conjectured that 
if f and g are convex in U, then so is f * g. In 1966, 

Suf fridge [l44] proved that the convolution (f * g) of 
two convex functions f and g, is univalent and infact close- 
to-convex. In 1973, Rusheweyh and Sheil-Small [ll7] proved 
the Polya-Schoenberg conjecture in its entirety. I^act, 
they proved the following; 

THEOREM 1.4.1 : 

(i) ^ and g £ K, then f * g G K. 

(ii) J[f f G K and g 6 C, then f * g G C. 

(iii) Jf f and g G S*(l/2), then f * g G S*(^). 

They also proved the following stronger subordination 
conjecture of Wilf [l49]« 

T HEOREM 1.4.2 : Let (p ^ 'H £ K and suppose that f f . 

T hen <p * f <p * If. 

The proof of these conjectures has earned keen interest 
in the use of convolution techniques and the mechanics 
developed have been ■ successfully applied to various problems 
since then. 

Using the concept of convolution, Ruscheweyh [ll2] 
introduced an interesting class of functions f G H 
satisfying 
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(1.4.2) Re } > i z e U,n e N s Nlf{0} = fO,l,2, . . . } , 

D^f(z) ° 

where D'^f(z) * f(z) = z (z'^~^f(z)). 

(1-z)’^'^^ dz"^ 

Vi/e see that s S*(^) and s K, Ruscheweyh [ 1 I 2 ], alongwith 
other results, proved the containment relation 


( 1 . 4 . 3 ) n EN^- 

In [l,2]» Al-Amiri investigated the class of functions 

f 6 H, f(z)f' (z) 0 in 0 < |zj <1, satisfying, 


(1,4.4) 


Re CJ^(f ja) } > I , z e U 


for some a > 0, where 


(1.4.5) 


j (f,,) = a.„) , eu 

" D^fCz) 


and showed that for each n £ and for a 2 ^ 


(1.4.6) K^(a) C K^(0) 

(1.4.7) K^(a) C K^O) for a > p ^ 0 

( 1 . 4 . 6 ), for a = 0., reduces to (1.4.3). 

Further results on convolution in geometric function 
theory can be found in Ruscheweyh [112,114,115]^ Sheil-Small 
[125,127,128], Suf fridge -[144], Al-Amiri [ 2 ], Lewis [ 6 O], 
Silverman and Silvia [l29], Silverman et al.[l3l], and others. 
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1.5 DIFFERENTIAL SUBORDINATICN : 

In this section we give a brief account of a very 
recent powerful concept called differential subordination. 

The strength and usefulness of this notion lies in the fact 
that not only simple and short proofs of some of the 
classical results can be given by this approach but many 
of the earlier results also get an improved and sharpened 
form by this method. Further, a number of new and interesting 
applications are obtained to the theory of univalent functions. 
The work in this direction has been initiated by Miller and 
Mocanu [74,75] and developed by Eenigenburg et al. [28,29], 
Miller and Mocanu [76,77,78], Bulboaca [15,16,17,18,19,20] 
and others. The following lemmas are quite useful to derelop 
the theory in this direction. 

L EMMA 1.5.1 : Let g defined ^ g(z) = . . , n 2 li 

^ 6 analytic in the unit disc U with g^^ 5 ^ 0, and let 

2^0 ^ ^ ~ ~ 2 I. ^ such that 

(1.5.1) |g(Zo^l == , , l9(z)|. 

|z UIzqI 

T hen there is a real number m, m 2 n 2 1» such that 
g'(zo) g’’(z ) 

Part (i) of the lemma is due to Jack [48] while part (ii) is 
due to Miller and Mocanu [74]. 
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LEiViiVlA 1.5.2 : Let p defined ^p(z) = a + + ... ,n 2 

be analytic in the unit disc U, and let q defined by 
q(z) = 3 4 - q^^z + ••• ^ analytic and univalent in U. If p 
is not subordinate to q i^ U, then there exist a real number 
m (m 2 n 2 l)» ^ ^ and 6 du, such that 



Let W be a complex valued holomorphic function 

defined in a domain D of (j:^ i.e. f ; D CKt:^ > {|) and let 

h be analytic and univalent in U. Suppose p is analytic 
in U, (p(z), zp'(z), z^p*' (z)) 6 D when z E U, and p 
satisfies the second order differential subordination 


(1.5.2) ^(p(z),zp' (z) , z^p" (z)) <^h(z), z £ U. 

The analytic and univalent function q is said to be dominant 
of (1.5.2) if p <^q in U for all p satisfying (1.5.2). If 
^ is a. dominant of (1.5.2) and q <(^q for all dominants q 
of (1.5.2), then q is said to be the best dominant of (1.5.2) 
(It may be noted that if there are two best dominants q^^ and 
q^, then q^ 


<^2 


This implies that 
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qj^(z) = q 2 (e^^z). Hence the best dominant of (1.5.2), if it 
exists, will be unique up[to rotation. 

Miller and Mocanu [76,77 jinvestigated the properties 
of first order differential subordination, i.e. they replaced 

(1.5.2) by 

(1.5.3) <p(p(z) ,zp' (z) ) <^h(z), z e U. 

If we take (p in (1.5.3) to be <p(r,s) = r + n 

pr + V 

(r = p(z), s = zp’(z)) then (1.5,3) is called Sriot-Bouquet 
differential subordination and this very special case has 
been considered by Ruscheweyh and Singh [118], Eenigenburg 
et al. [ 29 ], Miller and Mocanu [ 77 ] and others to obtain 
many interesting applications in the theory of univalent 
functions. 

1.6 INTEGRAL TRANSFORMS : 

The class preserving integral operators defined on 
the classes K, S*, C, S^ etc. and related problems have 
been extensively investigated in recent years. For f 6 H, 
Libera [ 61 ] defined the integral transform by 

(1.6.1) [I^ l(f)](z) = [I^(f)](z) = f / f(t) dt 

’ o 

and showed that 

(1.6.2) I3_(S*)CS*, I^(K)CK5 I^(C)CC. 

B-exnardi [ 8 ] showed that the above results continue to hold 
for the more general transform 

(1.6.3) F. (z) = [I, .(f)3(z) = ^ / t""”^ f(t) dt 

i,C i,c ^c ^ 
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where c £N = {1,2,3,...} . Singh [l35 ] considered transform 

(1.6.4) Fg .(z) =[!„ ff)](z)= [^/ fPCt)dt]l/P 

where p = 1,2, ... , c = 1,2, ... , and showed that ^[S*] C S*. 

Bajpai and Srivastava [ 6 ] extended the results of Bernard! 

to S*(x) and K(x) (0 ^ X < l). From Lewandowski et al. ['58] 

it follows that (1,6.2) continues to hold for F, if c in 

X , c 

(1.6.3) is taken to be complex number satisfying Re c ^ 0, 
Ruscheweyh [ill] considered the operator defined by (1.6.4) 
and showed that for p > 0 and a complex number c such that 
Re c > 0, the operator (1.6.4) satisfies Ip *(S*)C S*. 

In a paper , Miller et al. [80] studied the 
integral transforms defined by 

(1.6.5) (L.f)(z) = f“(t) (p(t) t^""^ dt]^/^ 

#(z) o 

where p-fc = a+ 6 . Various selections of the parameters a,p, 
c and 6 , and the functions $ , f , <P give some of the 
earlier results as special cases. 

1*7 MEROMORPHIC UNIVALENT FUNCTIONS : 

In earlier sections we have considered certain 
subclasses of analytic univalent functions in U. We would 
now review analogous subclasses for meromorphlc univalent 
functions in {z:0<|z|<l} = U\{0}. 
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Thus closely related to S is the class £ of functions 

(1.7.1) g(z) = z"^ + £ b^z"^ 

n=0 

which are univalent and analytic in 0 < |z| <1 except for 
a simple pole at z = O. 

A function g in £ is said to be meromorphic starlike 
of order p (p < l) if the complement of g(U) is starlike of 
order p with respect to the origin. We shall denote the 
class of meromorphic starlike functions of order p by £*(p) 
and £*(0) k A function g in £ is said to belong to £*(p) 

(p < 1) if and only if 

(1.7.2) - Re > p, z £ U. 

A function g in £ is said to be meromorphic convex of order p 
(p < l) if and only if 

(1.7.3) - Re Cl + } > p, z £ U. 

We denote the class of meromorphic convex functions of order p 
by £|^(p) and £j^(0) = £j^. It is clear that if g is in £j(,(p), 
then --zg'(z) is in £*(p). 

The analogue of x— spiral function for meromorphic 
functions can be defined as follows. 

A function g G £ is said to be X-spiral of order p 
(p < l) in U if there is a real x( | x| < ^) such that 
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(1.7.4) - Re ^g(z)^ ^ ^ ^ X » z £ 


U, 


We say that a function w of the form (1.7.1) analytic 
in 0 < |z| < 1, is close-to-convex in 0 < |z| < 1 if there 
exists a function (p , (piz) 
f or p = 0 such that 




+ Z d z'^ satisfying (1.7.2), 
n=0 ^ 


(1.7.5) 


Re {• 


r (z) 

■?rtr 


} > 0, z e u. 


It was proved by Clunie [25] that if 

g(z) = r + 2 c z*^ is in 2*, then 

^ n=l ^ 

( 1*7.6) I ^n ^ — n+1 ’ ^ ~ 1,2,... 

whereas Zamorski [l53] showed that if g(z) = 
X-spirallike of order 0, then 


g given by 



E 

n=l 




n 


is 



It may be noted that Clunie [25] assumed c^ = 0, but as 
remarked by Libera and Robertson [6 3], Clunie ‘s method can 
be modified to include the case 5^ 0 for g £ Z. 

The class of meromorphic starlike functions has been 
extensively studied by Pommerenke [99], Kaczmarski [53], 
Miller [72], and others. 
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1.8 CONTENTS OF THE THESIS : 

The univalent analytic functions have played a very 
important role in the development of the geometric theory of 
functions of a complex variable. Here we have described only 
those aspects of the theory in the direction of which we 
have pursued the study further. Thus, in the present work, 
an attempt has been made to have a unified and detailed 
study of various subclasses of univalent analytic functions 
by employing different techniques. In a number of cases, 
our approach not only yields a generalization of the various 
known results but also gives rise to many new and refined 
best estimates. The results are presented in the next six 
chapters . 

Chapter II deals with some applications of convolution 
techniques and Briot-Bouquet differential subordination. To 
begin with, a unified approach to the study of various 
subclasses of starlike functions has been made by introducing 
and studying the wider class T. „(A,B), (6 > -1, a > 0 and 
-1 ^ B < 1 with B < A) , After obtaining the containment ! 

j 

relation for the classes T^ ^(A,B), a necessary and sufficient ‘ 
conditions inarms of convolution, has been obtained for I 

f to be in T^ q(A,B). That this class is closed under | 

convolution with different subclasses of convex functions ( 

has also been established. Further, in addition to the | 

f 

investigation of Libera and Bernardi transforms of this class, i 

i 

sharp results have also been obtained for more general ! 

1 

f 

f 
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integral transforms of certain other subclasses of univalent 
analytic functions. For different values of the parameters 
6, a, A and B, the results of this chapter either improve or 
yield, along with new results, the results of Al-Amiri [l , 2 ], 
Libera [6l], Bulboaca [l9], Puscheweyh [ll2], Singh and 
Singh [l37], Mocanu et al. [85] and others. 

In Chapter III, we introduce new subclasses H. „(h) 

o ^ ^ 

where 6 2 ~1» Re a ^ 0 and h is a convex univalent function 
in U. After showing the containment relation, certain 
integral transforms of functions in these classes have been 
considered. We also present an application of the Bernard! 
integral operator to the generalized hype rgeome trie functions. 
The results of this chapter generalize and improve the 
corresponding works of Al-Amiri [l , 2]t Libera [61 ], 

Bulboaca [l9], Ozaki [9l], Singh and Singh [l37 ] and others. 

Chapter IV is devoted to obtain some sufficient 
conditions for convexity, starlikertess, X~spirallikeness, 
univalence etc. of some classes of analytic functions. The 
concepts of dominant and best dominant of differential 
subordination have been used to obtain some interesting 
applications concerning Bazilevic functions. Further in 
addition to finding results concerning a subclass of 
Bazilevic functions, some integral transforms of functions 
of this class have also been studied. The results, along with 
certain new results, improve and generalize the results obtained 
by Lewandowski et al.l57,58^enigenburg et al. [28], Singh [l35]» 
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Owa and Obradovic [89], Yoshikawa and Yoshikai [l5l], 

Libera [6l] and others. 

In Chapter V we studv certain subclasses related to 
N-symmetric points namely S^(A,B), Kj^(A,B) and Cj^(A,B) 
(-l^B<A^l) where N is a positive integer. Vi/e find 
the structural formulae that characterize functions in these 
classes. It is also shown that these classes are not only 
closed with respect to convolution with convex functions 
but de la Vallee poussin means and partial sums of functions 
in these classes also belong to the corresponding classes 
under certain conditions. A neighbourhood result for the 
class :^(A,B) (-1 ^ B < A ^ l) also finds a place in this 
chapter. Results of this chapter include the results of 
Silverman et al. [l3l], Silverman and Silvia [l30], 

Ruscheweyh [lis], Ruscheweyh and Sheil-Small [ll7], 

Stankiewicz [l42], Reddy [l04], Rajasekaran [ 103 } and others. 

Chapter VI is devoted to the study of third order ; 

differential inequalities in the complex plane. The conditions , 
on the class of functions h(r,s,t,u) defined in a domain D of i 

a4 I 

Cf such that 

{h(w(z),zw'(z), z^w" (z),z^w’'’(z)) : |z| <1}CQ | 

I 

implies |w(z)| < 1 for \z\ < 1 i 

and I 

{ h (w(z ) ,zw' (z ) ,z^w” (z ) ,z^w‘' '(z)):j2)<i}CiQ*, I 

i 

f 

implies Re{w(z)}> O, for jzj < 1 i 
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where wCz) is in a certain class of analytic functions, 

Q and Q' are sets in the complex plane, have been obtained. 

The results obtained in this chapter along with some 
new results extend the results of Miller and Mocanu [74], 

The concluding chapter, that is, Chapter VII deals 
with certain subclasses Z*(A,B), S*(A,B) and E*(A,B) 

(-1 ^ B < 1, B < A) of meromorphic univalent functions of 

_i °° 

the form g(z) = z” + 2 b z*^ (0 < |z| < 1). The chapter 

n=0 

starts by finding necessary and sufficient conditions interms 
of convolutions for the classes 2*(A,B) and 2^(A,B) 

(-1 < B < A ^ l). The effect of certain integral transforms, 
involving a complex parameter, over the classes £*(A,6), 

2 (A,B) and 2 (A,B) has been studied to obtain perhaps for 
the first time, sharp results in this direction. A sort of 
inverse problem for these classes has also been considered. 
Along with some new results, the results found in this 
chapter improve the results of Bajpai [4 ], Goel and Sohi [37], 
Reddy and June j a [iDS] and others. 



CHAPTER - II 


SOME APPLICATIONS TO BRI0T-60UQUET DIFFERENTIAL SUBORDINATION 

2.1 INTRODUCTION : 

For n 6 N^, let denote the class of functions 
f £ H satisfying 

(2.1.1) Re i z e U 

D"f(z) 

where D'^f(z) = = 7^ ^"77 (z'^'^fCz)). 

(l_^)n+l n| ^^n 

In [112] it was shown that 

(2.1.2) CK„, n e 

holds. Since equals S*(l/2), the univalence of the members iri 
will be a consequence of (2.1.2). Furthermore, s K 
[the class of convex functions]. Therefore (2.1.2) is an 
extension of Strohhaker ’s result K([2S*(l/2) [l43]» 

i 

In [ 1 ], Al-Amiri generalized the class by j 

introducing the class K^(a), n £ N^, a > 0. Thus, a function 
f £ H is said to belong to the class K^(a), if the condition ■ 

(2.1.3) Re {J^(f,a)} > ~ , | 

holds, where J^(f,a) is defined by (1.4.5). Al-Amiri [ l] 
showed that for each n £ N^, and for a ^ 0, ! 
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(2.1.4) K^{a) CK^(O) 

(2.1.5) K„(a)C K„(p) for a > p > 0. 

n n — 

The case a = 1 of (2.1.4) yields (2.1.2). 

In [36]> Goel and Sohi tried to generalize the 

classes and K^(q:) ’oy Introducing respectively the classes 

T „ and T q(oc), oc>0, n£ N . Thus, a function 

f 6 H is said to belong to the class T n(oc) > if for 

n y p 

the condition 

(2.1.6) Re {J^(f,a)} > p 

holds, J^(f,a) being given by (1.4,5). Here T^ * ^n,P* 

Goel and Sohi claimed [ 36 » Theorem 1 and Theorem 5] that 

(2.1.7) C T‘n,p ^ ^o»“ ^ 0 and 0 i p i 

Unfortunately, the above inclusion (2.1,7) is not valid even 
for particular choices of n,a and p as seen below. 

For instance, if one chooses n = 0, a = 1 and P = ^ 
then (2-.1.7) yields 

( 2 . 1 . 8 ) Re {1 + 1 > - ^ implies Re ^ > 4 z £ U, 

However, for f(z) = ^ [l - (l+z) ^], it is easily seen that 

Re £l -t' 3 > - ^ > z £ U whereas 

zf » (z) ^ l+z _ 2z 
f ( z ) 1 I z "* l+z ' 

2 


(2.1.9) 
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If z 5 ^ -1 and |z| =1 then Re {r^ } = 1. Thus, as w = ^ 

i+z ^ ^ 

vanishes at z = -I, there are numbers z sufficiently close 

II z ^ ^ z ^ 

to -1 so that |z| = 1 and Re ^ close to -1 as 

we like. Accordingly, there are points in U so that 
zf ' ( z) 

Re < 0 and, therefore, f is not even starlike 

(although univalent) in U. This contradicts (2,1.8). 

Similarly if one chooses n = 0, a = 1 and p = 0 
then (2.1.7) gives 

(2.1.10) Re + 1} > -1 implies Re } > 0,for z £ 


However (2.1.10) is not true can be seen by the same example 
as considered before. 

We now introduce, by using convolution techniques, 
a class as follows. This class generalizes all the above 
mentioned classes. 


DEFINITION 2.1.1 ; Let A,B,a and 6 ^ arbitrary fixed real 
numbers such that -1 ^ B < 1, B < A, a ^ 0 and 6 2 ~1« ^ 
f unction f G H is_ said to ^ jui the class T^ ^(A,B) if it 
satisfies 


( 2 . 1 . 11 ) 

where 


( 2 . 1 . 12 ) 


J 




1+Az 

1+Bz 


z e u 




(1-a) 


f(z) D^'^^f(z) 


f 


D^fiz.) = (z/(l-z )^’^^) * f(z). 


and 


roiH 
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It is to be noted that the function h(z) = is 

convex in U for A,B £ ({: with A B and |b| ^ 1. 

The condition (2,1.11) is equivalent to saying that 
Jg(f,a) £ P(A,B). It is readily seen that Tq q(A,6) s S*(A,B), 
To^i(^^»B) s K(A,B). Further, it is clear that q( 0,-1), 
n £ Nq is the class defined by (2,1.1) [112], whereas the 
class O^r^n class of functions f in H that 

satisfy the condition 

(2.1.13) Re (?1 } > n ^ e 

on n+1 

The class T^ O^I^n ^n notation of [137]) has 

been introduced and studied by Singh and Singh [l37]. The 
class T (l-2p,-l) (0 < p < 1 / 2 ) is the class considered by 

Xi i| (X — • — 

Goel and Sohi [36]. The classes T (0,-1) and T. p.(0,-l) 

n Ou o y ^ 

were considered by Al-Amiri [1 , 2 ]• Further taking 6=0, 
a = 2|j./(l+ii) (p 2 0)» A = l-2|a/(l+y.) , B = -1, it is seen that 
the class T. ^(A,B) reduces to the class of ii.-convex functions 
M defined by (1.3.15). 

r 

Recently many of the classical results in univalent 
function theory have been improved and sharpened by the 
powerful technique of Briot-Bouquet differential subordination 
(see e.g. [ 2 9]» [ 77 ], [ 85]» etc, ). Recall that a function 
p analytic in U with a power series of the form p(z )=l+pj^z+. . . 
is said to satisfy Briot— Bouquet differential subordination 
if 



32 


(2.1.14) p(z) + < h(z), z e U 

^p{z)+v 

for p and complex constants and h a convex univalent 
function with h(0) = 1 and Re {ph(z) + V} > 0 in U. 

The univalent function q is said to be a dominant 
of the Briot-Bouquet differential subordination (2.1.14) if 
p(z) <(^q(z) for all p(z) -satisfying (2.1.14). If q is a 
dominant of (2.1.14) and q(z) <^ q(z) for all other dominants 
q of (2.1.14), then q is said to be the best dominant. 

In this chapter, we propose to give some applications 
of Briot-Bouquet differential subordination which would not 
only improve and sharpen many of the earlier results for 
the classes S*(A,B), K(A,B), K^(a) s T^^^(0,-l), T^^^(l-2p ,-l) 
etc., but would also give rise to a number of new results 
for the other classes as well. This is accomplished by 
studying the wide class T. (A,B) introduced above. In 

O j vX 

Section 2.2, we first show the sharp containment relation 
for f 6 T . (A,B). In Section 2,3, using convolution 

O ^ (X 

techniques, we obtain a necessary and sufficient condition 
for a function f 6 H to be in T^ q(A,B). In Section 2.4, 
it has been shown that the class T^ q(A,B) is closed under 
certain integral transforms. Furthermore, an application 
of Briot-Bouquet differential subordination to the 
investigation of Libera and Bernardi transforms of this 
class leads, perhaps for the first time, to sharp results in 
this direction. Further use of Briot-Bouquet differential 
subordination to the investigation of Libra and Bernardi 
transforms of this class leads, perhaps for the first time, 
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to sharp results in this direction. Further use of Briot- 
Borquet differential subordination has been made to prove sharp 

results for^ a more general integral transform for the classes 
S*(A,B) and K(A,B) respectively. Finally, using the ' 
differential subordination, we improve and generalize^ Results 
of Singh and Singh [l38], and Mocanu [ 84 ]. 

2.2 CONTAINMENT RELATION ; 


In order to prove the main theorems of this section, 
we need the following lemmas 

LEMA/iA 2 . 2.1 [17 , Corollary 3.2] U A,B, p are reals with 

P 0, -1 < B < 1 and A , 1 ^ B, and complex number v satisfies 


Re V 2 "■ when B = -1 and A ^ -1 and 


Re y 2 niax {- ? whenever |b| < 1 and A 5 ^ B, 


1-B » 1+B 

t hen the differential equation 

zq'(z) 1 +Az 


q(z) + 


pq(z) + V 1 +Bz 


has a univalent solution given by 


( 2 . 2 . 1 ) q(z) 


o 

z^'*'^ exp (pAz) 

I if B = 0 . 

p / t^^^^expCpAt )dt 
o 
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If p(z) i_s analytic in U and satisfies 


^ y 14-Az , p 

p(zj 4* oTTTrTTT) \ 14-R'7 f z t 


U 


"ppTz )+^ l+Bz 

t hen p(z) <^q(z) and q(z) is the best dominant of 

the above differential subordination. 


L EMVIA 2.2.2 ; Let p(t) ^ a positive measure on the unit 
i nterval I = [0,l]. Let g(t,z) ^ a complex valued function 
defined on [0,1] x U, and inteqrable in t for each z £ U - yj^itC 
and for almost all t 6 [0,l], and suppose that ^Re {g(t,z)} > 0 
on U and g(z) = J g(t,z')dp.(t). If, f or fixed (0 ^ X < 271:), 
g(t,re^^) i£ real for r real and 


i . l°r I^I i r ^ t e [ 0 , 1 ] 

^ ' gv,t,re j 

t hen Re ( qTT ' T } 2 ^Tx” ^ ^ and 0 ^ X < 2%. 

•” gvz; g(re ) 

P roof : The method of proof of this lemma is based on the 
lines of proof of VvTlken and Feng [l50]- It is immediate 
that g(z) is analytic. Re {g(z)} > 0 in U, and g(re^^) is 
real. Further, it is easy to see that the following two 
statements are equivalent 

Re ? 7 rr^ } > ^“ 5 “ » for |z | 1 r, (0 1 X < 2Tt) 

g(re ) 

|g(z)-^ g(re^^)| < ^ g(rG^), for |z| 1 r. 
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Thus |g( 2 ) - |g(re^^) I = |/ g(t,z)d^i(t) -^ / g(t,re^^)dii(t) | 

< / |g(t,z) - •^g(t,re^^) jd^l(t ) 

- I z 


< / ^g(t ,re^^)diJ.(t) = ^ g(re^'^). 
So, by the above equivalent statements we have 




Re { 


1 


g(z) 


} > 


1 


g(re^^) 


z < r. 


This completes the proof of the lemma. 

For a,b,c real numbers other than 0,-1, -2,,.. the 
hypergeometric series 

(2.2.2) F(a,bjCfz) = 1 + f— z + *'* 


represents an analytic function in U [l48, p.28l]. The 
following identities are well known. 

L EMvlA 2.2.3 [l48, Chapter XIV ] : For a,b,c real numbers other 
t han 0,-1, -2,... and c > h > 0 ^ have 

i — ^ 

(2.2.3) S' t^“^(l-t)^~‘^“^(l-tz)“®dt = F(a,bjciz) 

o I (c) 

(2.2.4) F(a,bjcjz) = F(b,a>c,z) 

(2.2.5) F(a,bjc;z) = (l-z )“®F(a, c-b; cjz/(l-z ) ) 


(2.2.6) F(a,b;(^:^), 1) = 


Si) 


We now state and prove 
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T HEOREM 2.2.1 : Let < 1, B<A, 6>-l and 0 < a < 6+2 

s atisfy 


(2.2.7) 


A' » [(6+2)A-Ba]/(6+2-a) < 1 


1 . e . 


6+2 

a 


(1-A) - (1-B) > 0. 


(a) Then 


( 2 . 2 . 8 ) 


Further* for f £ T_ .^(A,B) we also have 

' 


(2.2.9) 

where 


(z) 
D* f(z) 




1 'S +2 / A— B 'v 6+2 r) 

j ^1+BtZ A a ''~B ^ ^""a ” ^ 


o 


1+Bz 


■) 


(2.2.10) Q(z) =<; 1 


t dt if B 0, 

6+2 _ 2 


/' exp (^^(t-l)Az) t ^ dt J.f B = 0, 

io 


(b) If in addition to (2.2.7) one has -1 < B < A < 0, then 


(2.2.11) ’‘5,oU-2Pi>-1) 


where 


Pi 


[F(l, 


6+2 / B-A \ 6+2 , -B \ ~i-^l 

a '' B a » 1-B^J 


The result is sharp . 

(c) ^ in^ addition to (2.2.7) one has 0<B<1, B<A<2B, 

then 
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( 2 . 2 . 12 ) 


where 




p2 


[F(l, 


6+2 

a 


6+2 , B \ ■]— 1 
a » l+B^-* 


The result is sharp . 

P roof : We follow the method similar to that of Mocanu et 
al. [85], Since, for 6 > -1, 

oo 

(2.2.13) D<5 f (z) = z + S 

n=2 

it can be easily verified that 


(n.6) ■ 


(2.2.14) z(D^ f(z))' = (6+1) D^^f(z) - .6D* f(z). 

Let f 6 Tg q(A,B) where 6 > -Ij a > 0, -1 ^ B < 1 and B < A. 
Set g(z) = z [D^ f ( z)/z and 


rj^ = sup {r : g(z) 0, 0 < |zj < r < 1} . 
Using (2.2.14) it follows that 


(2.2.15) 


p(z) 


^9' (z) ^ f(z) 

"wr D® f(E) 


is analytic in |zj < and p(0) = 1. Since f 6 
(2.1.11) coupled with (2.2.14) easily leads to 

(2.2.16) P(z) , Ul < 

where 

(2.1.17) P(z) = (1 - j)p(z) + , with ^ and v = -1. 
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Using Lemma 2.2.1 we deduce that 


(2.2.18) P(z) <;q(z) , |z| < rjL 

where q(z) is the best dominant of iS2.2.16) and is given by 
(2.2,1). Again by (2,2.17) we get 


(2.2.19) p(z) [q^] ® q(z) <( 


1 + 


-1 


(Ap-B)z 


l4“Bz 


where Q(z) is given by (2.2.10). By (2,2,17) and (2.2.18), 
we see from (2.2,15) that g(z) is starlike (univalent) in 
|zj < rj^. Thus it is not possible' that g(z) vanishes in 
j 2 I < rj^ if rjL < 1. So we conclude that r^j^ = 1. Therefore 
p(z) is analytic in U. However (2.2,19) implies p(z) <^q(z) 

in U. Hence by (2.2.15) f £ T^ „(^»B) implies — — <^q(z) 

6, a % 

provided d ^ a, A and B satisfy (2.2,7), This proves (2.2.8) 
and (2.2,9). 

(b) Suppose in addition to (2.2,7) one has -1 < B < A < 0, 
then we show that 

(2.2,20) Inf {Re q(z)} = q(--l). 

UI<1 

If we set a = P{^^). b = p+v (p = . v = -1), c = b+1 

then c > b > 0. From (2.2.10) by using (2.2.3), (2.2.4) and 
(2.2.5) we see that for B 0 

Q(z) = (1+Bz)® S' (H-Btz}“^ t*^~^ dt 

o 
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/ ,a (b) [Tc-b) _ 

(l+Bz)® — ;== 7 - (l+Bz) F(a,c-b;c}Bz/(l+Bz)) 


( 2 . 2 . 21 ) 


|(b) i(c-b) 

(Tc) 


[To 


F(a, c-b*, c jBz/ (l+Bz ) ) 


To prove (2,2.20) we show that Re ^ , z G U. 

Again (2.2.10), by (2.2.21) for -1 ^ 3 < A < 0 (so that 
c > a > 0) , can be rewritten as 

1 

Q(z) = / g(t,z) dii(t) 
o 


where 

( 2 . 2 . 22 ) 

'(2.2.23) 


g(t,z) - i+(i?t)Bz 


dp(t) = 


fTb) 


ta-l(i__t)C-a-l 


jCa) l(c-a) 

For -1 ^ B < A < 0, it may be noted that Re {g(t,z) } > 0, 
g(t,-r) is real for 0 ^ r < 1, t £ [0,l] and 

* l+Bz i 1-Br g(t,-r) 

for |z| ^ r < l.and t G [0,l]. Therefore, using Lemma 2.2,2, 
we deduce that Re ^ , [zj | r < 1 and by letting 

r -♦ 1~ we obtain Re i qT^ , z e U. This proves 

(2.2.20) which, in view of (2.2.19), leads to (2.2.11). 

Since q(z) being the best dominant of (2.2,16) with p(z) , 
satisfying (2.2.17) and q(z) satisfying (2.2.20), the 
sharpness of the result now follows. 
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(c) To prove (2.2.12) we have to show that 


(2.2.24) 


Inf Re {q(z)} = q(l) 


provided the real numbers 6,a,A,B with 0 < B < 1 and B < A < 2B 
satisfy (2,2.7) also for 6 > -1 and a > 0. 

If we set a = P(^^) with 0 < B < 1 and 3 < A < 2Bj 

b = ^ c = p+v+1 (p = f = -l) then c > b > 0 as 

well as c > a > 0. As in part (b) 

((b) [Tc-b) 

Q(z) = — * — - — F(l,a;cjBz/(l+Bz)) 


Fc) 

1 

= / g(t,z) d|i(t) 


where g(t,z) and dp(t) are respectively given by (2.2,22) 
and (2.2.23) with 0 < B < 1 and B < A < 2B. 

For 0 < B < 1, it may be noted that Re {g(t,z)J > 0 
in U, g(t,r) is real for 0 < r < 1, t G [0,l] and 




l+(l--t)Br 

1+Br 


g(t,r) 


for |z| ^ r < 1 and t G [0,l], Therefore, using Lemma 2.2.2, 
we deduce that Re 1 OT^ * Ul 1 ^ < 1 and by letting 

r •* l" we obtain Re { ^ , z G U. This, by (2.2.19), 

leads to (2.2.24). This shows the containment relation 
(2.2,12) holds true and the result is sharp. This completes 
the proof of the theorem. 
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C OROLLARY 2.2.1 ; For f G H, 6 > -1 ^ max (-1 , l-(-^) ) <B<0, 
we have the sharp result 


(l.c) + a /_ 1 _ e (J 


^6+2. 


i mplies 


(z) 
D<5 f(2) 


<: 


, z £ U. 


Proof : Taking A = 0 in the above theorem, from (2.2.9) 
we obtain for max {-1, - } < B < 0 that 

i. » ^ ^ _ 


(2.2,24) f e T, ^(0,B) implies /q (z), z £ 

6, a > 1 


U 


6 +2 ^ 6+2 __ 2 


(^) 


where q,(z) = [(l+Bz) “ /*t “ ^(l+Btz) ' ® ' dt]~^. 


‘1""" 6+2-a 


o 


Now using the identity, which follows from (2.2.3] for a = c, 
namely 

1 , HI r kc-b) ^ 

.b-1/, .NC-b-l/., A.^\-c r ■' _\-b 


o 


(l-tz)~^ dt 


[ Tc ) 


we obtain 


6+2 


= 64|::s “ * 

• ^ ( \ 1 

a .e. qj^(z) - . 


(1-z)' 


- 1) iTl), 1-1 

’ “ (1+Bz) “ 


(— ) 

^ a ^ 


Now the r©<iuired implication follows from (2.2,24). 

Taking a = 1 and B = -1 in the above corollary it 
fo-llows that for f G H and 6 > 0, 
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(2.2.25) Re z £ U implies Re >A,z £ u. 

rf'"^f(z) 2 pB f(2) 2 

The case 6 = n £ of (2.2,25) we obtained by Ruscheweyh 
[112, Theorem l]. Taking A = l-2p and B = -1, in Theorem 2.2.1 
(for the case A = 0 see Corollary 2.2.1) the following 
corollary not only gives the correct form of the containment 
relation (2.1.7) but also shows that it is not possible to 
improve it further. 

COROLLARY 2.2.2 : Let 6 > -1 and 0 < < p < 1. 

"" ^ ~ 

(a) Then 


Further, if f € T,, „(l-2p,-l), then 

'™'‘' ■" ■ ' 0 j ^ 


/ « rr / 1-tZA 

D® f(z) ^ 1-z 

(b) Furthermore if max { ^ ^ p < 1 then 


■2(^)(1-P) ^ - 2 


dt] . 


r6,aO-2p,-l)C\o(l-2P2,-l) 
where Pg = [F(1,2(42) (i.p), 6^. 1)]-1. 

The result is sharp . 

Taking 6 = 0, a = 2ia./(n+l) and p = iJ,/(n+l) in 
Corollary 2.2.2, by (2.2,6), we find that if f is [o. convex 
(ix 2 l)f then f £ S*( [(|^)/ir^ |(^) ), a result due to 
Miller et al. [ 81 ], Similarly if we take 6 = 0,. a = 1 and 
p = we obtain from Corollary 2,2.2 that for 0 ^ X < 1, 
f £ K(x) implies f £ S*(p(x)) where p(x)» given by (1.3.7), 
can be obtained by expanding F(1,2(1--X)52;1/2). This is 
due to Goel [35], MacGregor [67] and Zmorovich et al* [154]. 
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The above Corollary 2.2«2 for f = n £ Nq, is due to 
Bulboaca [ 19 ]» 

The classes T (A,B) have been defined for 6 > ’-*1. 

O Jr (X 

However, in Theorem 2.2.1, 6 has been taken to satisfy 6 > -1. 
The following theorem shows that it is possible to obtain 
an extension of Theorem 2.2.1 for the case 6 = ~1 and a real 
with a > 0. 

T HEOREM 2.2.2 : Let f £ H, <5 2 “if h ^ a convex univalent 
function in U with h(0) = 1. Then for a complex number a 
s atisf yinq Re a > 0, 


(1-a) 




+ a 




h(z), z e U 


implies 

- 1 1 ( 6+2 \ / 6 +2 \ 1 

D^'^-^f (z) y /6+2^_“^ a ^ r , ^ . ct y . . ^ 

i ^ J h(t) t dt <^h(z), z £ U, 

For the proof of the above theorem, we need the 
following wel^nown result due; to Hallenbeck and Ruscheweyh 
[ 44 ] (see also [ 75 ]). j 

L EMMA 2.2.4 : Let p defined bj£ p(z) = 1 + Pj^z + ... be 
a nalytic in U and h be a convex univalent function in U with 
h (O) = 1 and V ^ ^ complex number such that Re 2^ > 0, then 

, . zp ’ (z ) y , . 

p (z) + 55 h(z) , z £ U 

implies 

p(z) <( q(z ) S vz"~^ S h(t) t’^”^ dt<fh(z), z£U 
and q(z) is^ the best dominant . 
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Pj6+1^ / \ 

P roof of Theorem 2.2.2 : Set p{z) = ^ — LlLl . Then p is 

obviously analytic in U and p(0) = 1, Using the identity 
(2.2.14), a little manipulation leads to 


( 1-a) 


^ c = pu, ^ (^) ,p,(,). 


Now the theorem follows from hypothesis and Lemma 2.2.4. 

3y giving different values to the parameters 6 , a 
and choosing suitable convex univalent function h in the 
above theorem we get the improved form of the results obtained 
by Chichra [24], Singh and Singh [l40] and others. For 
instance, 6 = -1. 

COROLLARY 2.2.3 : 

(i) For f£H, Rea^O (oCt^O) have 
(1-a) + af'( 2 ) <(l+Xz, (X 0) 


implies ^ <^1 + , z £ U 


(ii) For f £ H and A 7 ^ B (|b| ^ l) 

UM 


z 


laEiiei r t“ dt<;j^,zeu. 


- 1 


1+Az 


In the above corollary if we choose a = 3 we obtain 

A, 

2' 


f € H and fH^) implies 

!b 


fl+^z if B = 0, 


+ (^)^log{l+Bz)if B?^, 


2 e o 
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Further for B = -1 and A = 1-2P, (p < l) we obtain the sharp 
result f 6 H and Re {f (z)} > P implies Re { >p+( l-p ) (2 In^-l) 
where a use has been made of the fact that the function Q 
defined by Q(z) = -1 - — log(l-z), (z £ U), is univalent 
and maps U onto a convex domain and Re {Q(z)} > 2 In 2-i,z G U 
(see Robertson [lio]). From the above relation, we easily 
obtain the sharp result 


f e H and Re {f'(z)} > implies Re > 0 ,z £ U 

which improves the well known result. 

Taking 6 = n£NQ, a = l and h(z) = in the above 
theorem we obtain that for f 6 H, 


Re 


( > 0 implies 




z . ■ . 2 

z £ U. 

This improves the Theorem 1 of Singh and Singh [l40]. 
THEOREM 2.2.3 : Let f £ H and 6 > -1. Then 


(2.2.26) f - 1 <^h( 2 ), z e U 


implies [Ci!ifM]l/( 6 + 2 ) ^ g 


U 


provided h given by h(z) = a,z + ... (a, 7 ^ 0 ) ^ starlike in 

z 

U and that q(z) = exp { / t h(t)dt} univalent * 

o 

The result is _sharp . 


Proof ; We define the amalytic function p by 
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(2.2.27) p(z) = [±:^]l/(6+2) 


Clearly p(0) = 1. Logarithmic derivation of (2.2.27) gives 
by using (2.2,14) and (2.2,26) 


(2.2.28) 


D<5 f(z) 


zp* (z) 

■ ^ Tirr 



where h 6 S*. The differential equation 


( 2 . 2 . 29 ) 

has analytic solution given by q(z) = exp { / t"" h(t)dt} 

o 

and this is univalent by hypothesis. Now to prove the 
theorem it is sufficient to show that p(z) <^q(z) in U. 
Suppose that p is not subordinate to q in Uj then, by 
Lemma 1.5.2, there is a point 6 U and £ dU, and m > 1 
such that p(Zq) = q(So^ zp'Czq) = 2Qq'(SQ). Thus 


z 




mo^o^' ^^o^ 

— 


mh(j;,). 


Since h(U) is a starlike domain and m ^ 1 vje obtain 
z p ' (z ) 

_.2 — j 2- £ h(U) which is a contradiction to (2.2.28). 

pTz^ ^ 

Hdnce p(z) <rq(z) and q(z) is the best dominant of (2.2.28), 
i.e., the subordination relation is sharp. Hence the theorem. 
fiEMARK 2.2.1 : (i) For f E H, h(z) = and 6 = n £ |J { -1} , 

the above theorem yields that 

iLzl yi , e U implies /, 


^n+2 
D^f (z) 


1 

l-z ' 
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a result due to Singh and Singh [l40, Theorem 7]. 

(ii) For f e H, h(z) = 2(l-p) and 6 = -1, 

Theorem 2.2.3 gives 


R" p ^ (0 i p < 1) 

Implies f'(z) <( (l-^ ) <° 1 P < D- 

(iii) Taking 6 = -1 and then replacing f by zf in 
Theorem 2.2.3, we obtain 


<^h(z) implies f (z) exp { / t“^ h(t)dt} 

provided the conditions of Theorem 2.2.3 is satisfied. In 

T A O 

particular, choosing h(z) = 4ke z/Cl-z'^) and h(z) = 2 /(l+z) 
we respectively obtain, 


(2.2.30) 


zf"(z) y 4k e^^z 

" 7 ^ \ i _,2 


implies 


f'(z) 



i© 


(0 < k < cos e , |©| < Tt/2)t 


(2.2.31) Re (1 + < | implies |f'(z)~l| < 1. 

It may be noted that the case 6=0 and k = ■^ of (2.2,30) 
gives a sufficient condition for f to be close-to-convex 
(univalent) in U. This condition was obtained by Miller 
and Mocanu [75]. On the other hand (2.2.31) which is an 
improvement of a result of Ozaki [91 ], gives a sufficient 
condition for a function f to be close-to-convex and bounded 
in U. 
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(iv) For f £ H and 6=0, Theorem 2.2.3 gives 
1 + <^l+2h(z),z £ U implies Vf ' (z ) ^ exp { f t'’^h(t)dt} , 


o 

z £ U 


where h be starlike in U. The result is sharp. 

{ 1 P ) z 

For instance, if one chooses h(z) = -yf; and 
h(z) = ^ (|^| ^2) one obtains respectively the sharp results. 


f £ H and Re d+^fr^) > P implies Re l^ff^Tzl} > z £ 


U 


and 


f •£ H and 1 + t j 1+Xz implies ' [z) exp { ^z } 


(The function h(z) = e^^ is convex (univalent) in U if jx| ^ 1 
and Re {e^^3 >0, z £ U if 1 k| < n/2. 


2.3 CONVOLUTION CONDITIONS ; 


In this section, using convolution techniques we give 
necessary and sufficient condition for a function f £ H to be 
in Tg^Q(A,B). 

T HEOREM 2.3.1 : A function f £ H is in T^ q(A,B) (6 > -1, 

-l^B <A(6+1) - B6il)if only for 0 < [z | <1, 

I X I =1 and X 5^ 1 

z+{ (1+Ax)/(B-A)x } z^ 

(2.3.1) f(z) * C ^ 0. 

Proof ; Suppose f £ T^ q(A,B) for 6 > -1 and — 1^&<A(6+1)— B 6 < 1. 


Then 
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D6+lf^^) 1+Ax , , , , , , 

”■“6 TT TT^ > !>« = 1 and x 1 

D f(z) 

in 0 < |z| <1 which is equivalent to 

(1+Bx) D‘^‘^^f(z) - (1+Ax) D*^ f(z) ^ 0, 


Since D fiz) jr^rr * f(z), the above equation can be 

(l-z)° 

rewritten as 


f(z) ♦ [(1+Bx) ^ , o - (1+Ax) - -7Vi ] ^ o 

which reduces to 

(B~A)xz + (l+Ax)z^ 

(2.3.2) f(z).[ ]^0. 

Now (2.3,1) follows from (2.3.2) in case jx| = 1 and x 5 <^ 1. 

The converse part follows easily since all the steps 
can be retraced back. 

Putting 6 = 0 or 6 = 1 in the above theorem, we obtain 
the recent results of Silverman and Silvia [l30> Theorem 7, 
Corollary ] for a function f £ H to be respectively in 
S*(A,B) and K(A,B). 

Putting 6 = l--2a (a < l), A = (0 1 p < l), B = -1 

and replacing x by - in the above theorem we obtain a result 

J\ 

of Shiel-Small et al. [l28 , Theorem 3]. 

COROLLARY 2.3.1 : A function f £ H is in Tj^__2a 0^1^’“^ 

(a < 1) ^ and only if 
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f (z) * [ 


Z 4- { 


(l-a)x + 3-g , 2 

1-B ^ ^ 


] 9 ^ 0, |xi = 1, 0 < |z I < 1. 


(l-z)^“2“ 

The case a = p of Corollary 2.3.1 is due to Ruscheweyh [ll4]. 
Next we prove 

T HEOREM 2.3.2 ; If <P c K ^ ^ then 

(P * f e Tg^Q(A,B) for 6 > -1 -1 1 B < (1+6)A-B6 1 1. 

For the proof of the theorem we need the following 
version of a Lemma due to Ruscheweyh and Sheil Small [ll?]. 

L EMMA 2.3.1 : ^ 6 K and g £ S* then for each function 

F analytic in U, the image of U under (<p * Fg)/(cp * q) is a 
s ubset of the convex hull of F(U). 

P roof of Theorem 2.3.2 : Since 6 > -1, -1 ^ B < (l+6)A-B6 < 1; 
and f £ Tg q(A,B), one has 


(2.3.3) 


(z) 


< 


1+Az 


D* f<z) 'l+Bz 
we see from (2.2.14) that 


, z e U, 


fD6f(z))' ^ J-+(A(a+l)-Ba)z 

l+Bz 


D* f (z) ^ 


z fc U. 




This implies that D^f(z) = z + E 


(n+6) 


n=2 (n~l)! [(6+1 ) 


a z^ is 
n 


a subclass of S*. If we set F(z) = 


D 


6+1 


till 


f(z) 


and g(z) = D'^f(z) 


in the above lemma, we have for a convex function <p , 

• D^f(z)) ^ . f)(z) 


<p(z) * D*f(z) 


D* (<P * f)(z) 
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D'^’*’1( <p * f ) 

By Lemma 2.3.1, the range of — lies in the closed 

D^(<p * f) 

j^firfl - 

convex hull of (U) . The theorem, now, follows from 

D°f 

(2.3.3). 

For A = 1~2 \ , B = -1 and 6=0, the above theorem 
reduces to a theorem of Ruscheweyh and Sheil-Small [117]. 
Taking the convex function <p to be <P(z) = S — ~ 


n=l 


n+c 


or (p(z) = log 1^1 i X 7 ^ 1, we obtain 

oo 

C OROLLARY 2.3.2 : W f, defined ^ f(z) = z + 2 a z"^, 


n=2 

b elonqs to T^ q(A,B) then the function F or G defined by 

F(z) = ^ / t^"^ f(t)dt 

0 

G(z) = / dt. 

are also belong to T^ q(A,B). 


2.4 INTEGRAL TRANSFORMS : 

For a function f £ H, Libera [6l] defined the integral 
transform 

(2.4.1) ^1,1^^^ = ^ z f(t)dt 

and showed that 

(2.4.2) f £ S* or K implies F^^j_ £ S* or K 

respectively. Bemardi [ 9 ] showed that the above result 

(2.4.2) continues to hold for the more general integral transfo 


LfBRARY 

i t f 
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(2.4.3) ^(z) = [I^ f(t)dt 

* * 2 0 

where c 6 = {0, 1,2, 3, . . . }. Bajpai and Srivastava [6] 

extended the result of Bernard! to S*(p) and K( p) (0 ^ P < l). 

From Lewandowski et al. [58] it follows that (2.4.2) continues 

to hold for Fj^^^( 2 )if c in (2.4.3) is taken to be a complex 

number satisfying Re(c) 2 0* Ruscheweyh [ill] considered a 

more general operator than F. ^(z) and showed that for P > 0 

and a complex number c such that Re c 2 0, the integral 

transform 


(2.4.4) Fp^^(z) = [Ijj_^(f)](z) = A‘''V(t)dt]l/P 

satisfies Ip^^[S*]CS*. 

Ruscheweyh [ 112] also considered the Bernard! integral 

transform of function in defined by (2.4,3) and showed that 

„[K_]C K provided Re c > Goel and Sohi [36] 

X y c o ri jc 

attempted to extend this result for q( 1-2J*,-1) for 

Re c 2 (l-P)n-P (n G N^, 0 ^ ^ Al -Amiri [ 2 ] showed 

that ^ provided Re c > ^ 

whereas Singh and Singh [ 137] showed that 

h,l[Tn,o(fS (iS . -1). 

In our next theorem by showing that the class T. ^(A.B) 

Of u 

is preserved under the Bernard! Transform (2.4,3) we not only 
get refinements of aforesaid results but also show that it 
is not possible to improve them further. 



53 


T HEOREM 2.4,1 ; 6 > -1 , -1 1 B < 1 with B < A ^ c 

b£ a complex number satisfying 


(2.4.5) Re c > 


6(A-B)+A~1 

1-3 


(s) £ Tg q(A,B) then the function Fj^ ^ defined by 

(2.4.3) satisfies ^ G q(A; 3). Furthermore we have 


(2.4.6) 


where 


r-1 

D« F, (z) ‘ ' 


Com ■ ^ ^ 


U 


l,c 


f i 


1+Btz 

l+Bz 


( 6 + 1 ) (^) 


} 


t^ dt if 6 0 


(2.4.7) Q(z) =<| ^ 

/ t'^ exp f (l+6)A(t-l)z} dt if B = 0. 
o 


(b) ^ in addition to (2.4.5) for -1 ^ 6 < 0 with B < A, c 

real and c > 6-1 - (1+6) (A/B), then for f £ q(A,B) 
we have 


h,c eT,_o(l-2P4,-l) 

where 


(2.4.8) p^(6yC,A^B) 


1 r c+1 

F(l,(l+6)(^),c+2s 


(c-6)]. 


The bound is sharp . 

(c) if in addition to (2,4.5), c real and c > (6+1)'^ - (6+3 
with 0 < B < 1 and B < A, then for f £ Tg q(A,B) we_ have 
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^l,c ^ » where 


(2.4.9) p,.(6,c,A,B) = 7 ^ [■ 


c+1 


F(l,(l+6)(i^),c+2, y|g) 


- (c-6)] 


The result is sharp . 
Proof : Since 


(2.4.10) ^(z) = [ 2 z-^ ] * f(z) = F(z), say 

’ j=l 

a nd 

(2.4.11) D'^f(z) 


(1-z) 


6+1 


+ f(z) = ( E 


!(n+6) 


n=l (n-l)l ((6+1) 


z '^ ) * f ( 


it can be easily seen from (2.4.10) and (2.4.11) that 

(2.4.12) z(D'5f(z))' = (c+l)D^f(z] - cD*F(z). 

We put 

(2.4.13) g(z) = z 

and rj^ = sup {r : g(z) O, 0 < |z| < r} . Then g is 
singlevalued and analytic in jz| < r^^ and 

(2.4.14) p(.) = 

is analytic in |z| < r^^, p(0) = 1, (2.2.14) and (2.4.12) 
easily lead to 

(2.4.15) il+S) 'tpf - if) + C-* . ofiifizi _ 

D<5 F(z) D6 f(z) 
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If f £ q(A,B), then it is clear that D'^fCz) 0 in 

0 < |z| < 1. So (2.4.14) and (2.4,15) give 


(2.4.16) 


D’^F(z) ^ 1+c 

D^f(z) c-6+(l+6)p(z ) 


Differentiating (2.4.14) and using (2.4.12) and (2.4.16), 
we get 


(2.4.17) 


= pU, 

D°f(z) c~6+-(l+6)p(z) 


|z 1 < 


Since f 6 q(A,B), we have by (2.4.17) that 

zp ’ (z ) 

(2.4.18) p(z) + , P = 6+1, V = c-6 . 


Using Lemma 2.2.1, we deduce that 


(2.4.19) p(z) <^q(z) - pq( 2 ) ” p ^1+Bz » 1^1 ^ ^1 

where Q(z) is given by (2.4.7) and q(z) is the best dominant 
of (2.4.18). 

Now the function P defined by 


P(z) 


q/I+^n. P+ V +(PA + vB)z 

l+Bz 


(P = 6+l,V= c 


6 ) 


is convex (univalent) in U and by (2.4.5) we see that 
Re P(z) > 0 for z £ U. This from (2.4.19) and (2.4.14) 
shows that it is not possible that g(z) vanishes on |zl - 
if rj^ < 1. So we conclude that r^ = 1. Therefore p is 
analytic in U and hence by (2.4.14) and (2.4,18) we obtain 
the first part -of the theorem. 
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Proceeding as in Theorem 2.2.1, the second and third 
parts follow. 

Putting A = 1-2 P , B = -1 in Theorem 2.4.1, we obtain 
C QROLL ARY 2.4.1 : Let 6 and p ^ real numbers satisfying 

6 > -1 and p < 1. 

(a) ^ c a complex number satis fyinq 

Re c > 6 - (l+6)p then I, s F, defined by (2.4.3) 
s atisf ies 

F urthermore f or f 6 T^ q(1-2p,-1), we haye 


D^^^F (z ) 


U 


w 


here Q(z) i^ obtained from (2,4.7) with A = 1-2P and B = -1 
(b) IP c is ^ real number satisfying 


c > max [ 6 - (1+6) , 2 {6 - (l+6)p }] 


then we have 


w here obtained from P^ is given by 


p^ — P^ ( 6, c , 1“*2 p, ~1 ) 


£- 


C+1 


6+1 f(1,2(1+6)(1-p)j c+2,1/2) 

The result is sharp . 


(c-6)], 
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The part (b) of Corollary 2.4.1 for 6 = n G is 
due to 3ulboaca[l9] 

REMARKS 2.4. l(i) ; Taking p = J > 6 = n £ and c = 1 in 

part (b) of Corollary 2.4.1 we obtain a result of Singh and 
Singh [l37, Theorem l] which satisfies that for f £ K 

Re implies Re { , z £ U 

D'^fCz) 2(n+l} ^ D Fl,l(2) 

where Fj^ ^ is the Libera integral operator defined by (2.4.1) 
and the result is sharp. This for n = 0 and n = 1 respectively 
extends the results of Libera [6l]» namely if f £ H is in 

S*(-- then defined by (2.4,1) belongs to S* and the 

^ 3 

result is sharp for the function f defined by f (z ) = z/(l+z ) . 

Further if f G H is in K(- ^) then F^ ^ belongs to K and the 
result is sharp for the function f given by f(z)= '^[l-(l4-z )""'^] , 
(ii) It can be easily seen that by giving different 
values to the parameters 6 , A, B and c, the results obtained 
in this direction by Al~Amiri [l,2], Ruscheweyh and Singh [ll9]> 
Goel and Sohi [36] etc, get improved considerably in many 
cases. 

The following theorem shows that it is possible to 
obtain an extension Theorem 2.4,1 to the case 6 = -1 also. 

Since this can be easily proved using Lemma 2.2.4, we omit 
its proof. So we state 

THEOREM 2.4.2 : Let 6 > -1, Re (l+c) >0, h ^ ^ convex ! 

univalent function in U with h(0) = 1 and f G H. Then we have 
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<h(z) 


implies 


d5+1f_ 


^ <q(^) = 


1+c 


/ 

o 


h(t)dt 


where F, is defined by (2.4.3). The result is sharp. 

For the case 5=0 and c = 1, the above theorem not 
only generalizes an earlier result of Libera [6l] but also 
shows that the result obtained is sharp. Further, 

Theorem 2.4.4 extends the result of Singh and Singh [l40 , 

Theorem 4] for suitably chosen h namely h(z) = <l). 

In the case f £ T^ q(a,B) and c in Bernardi transform 
(2.4.3) of f is taken to be 6 , Theorem 2.4.1 takes the 
following form. 

THEOREM 2.4.3 ; Let 6 > -1, ~1 ^ B < 1 and B < A. U 
f £ Tg q(A,B) then the function F^ ^ defined by 

F, ^(z) = [I, .(f)](2) = f(t) dt 

1»6 It* 2:6 o 

b elongs to T^ » 

P roof : From the definition of F^ ^ , we have 

(2.4.20) z(D®Ff^ 5 (z)) ’ = (l4-6)D*f(z) - 6 D^Ff^6(z) 

and by using (2.2.14) we have 

(2.4.21) 2 (D'^Fj^^g(z))' = (1+6 )d'^Ff^^(z) - 
Equating (2,4.20) and (2.4.21) we obtain 

D%(z) = d^^Ff^^(z). ; 


(2.4.22) 
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Also using (2.4,20) and (2.4.21), we get 


(2.4.23) D*^'^^f(z) [(6+2)D'^'^^F^^^(z)-D^'^-^F^^g(z)] 

Thus from (2.4.22) and (2.4,23) we have 


. 6 + 2 , 


,5+1, 


d6+2f 

(2.4.24) (|^) 


(z) 


_ _L- = D'^'^^f(z) 


6+1 06 +lp^^^(^) 6+1 p6 

Since f 6 q(A, 6), the theorem follows easily from (2,4.24) 

Hence the theorem. 

It may be noted that for A = 1 - 3 = -1 and 

6 = n 0 Nq, the above theorem leads to the result of Singh 
and Singh [13"7, Theorem 2], 

Let k be a complex number with Re(k) > 0. Consider 
the function Qj^ defined by 


(2.4.25) Q. (z) = 2C , . Lz±^ , l - ( .j : ,± E zl 


(1+bz)^ - (z+b) ^ 


0 U 


where 


(2.4.26) C = [|kl Yl+2 Re k - Im(k)] 

and b, with |b| <1, is defined by k = 2Cb/(l~b^). 

We note that the function Qj^ can be defined by 
Qj^(z) = R[ (z+b)/(l+bz‘') ], where R(z) = 2Cz/(l-z^) and 
b = R”^(k). Hence Qj^ is univalent in U, Qj^(O) = k and 
Q (U) = R(U) is the complex plane slit along the half-lines 

iC 

Re w = 0, |Jm w| > C. Next we prove the following new 
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theorem, by weakening the condition on f for the Bernardi 
transform (2.4,3) of f with c = 5 in Theorem 2,4.1. 

THEOREM 2.4.4 : Let ^ the unique function that maps U 
onto the complex plane slit along the half - lines Re w = 0, 

I Ijn vv| 2 (H^(0) =1). If 6 > -1 ^ f e H 

satisfies the subordination relation 


(2.4.27) 


/h.( 2 ), in U 
D* f(z) ^ ^ 


D^+If 


then 


Re £• 




(z) 




} > 0 in U 


where F-, „ is given by 

^ ^ 


F (z) = ^±1 f t^**^ f(t) dt. 
z6 o 

For the proof of the theorem we need the following lemma, 
more general form of which may be found in [75 ]. 

L EMMA 2.4.1 : Let Q ^ a set in the complex plane 4^ and 
let a ^ £ complex number with Re ( a ) > 0. Suppose that 
the function ^ ; 4^ k U ■> 4 satisfies the conditi on 


(2.4,28) ^(ir 2 »Sj^jz) £ Q , for all real r 2 , 

®1 ^ “ 2"leT a7 and ^ z £ U. 

Ic / \ 

If P analytic in U, with p(z ) = a + pj^z . (k 2 1 ) 


and 



w(p(z),zp’ (z);z) e Q , z e u, 
Re p(z) > 0 in U. 
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t hen 

Proof of Theorem 2,4,4 
if we set 


As in the proof of Theorem 2.4.1 


p(z) = 

then we obtain that 


q6+1f 


1.6 


D" ^1,6 

(2.4.27) 


111 

(z) 

is equivalent to 


^'(p(z) ,zp’ (z) ) = p(z) + 


zp' (z) 
(6+l)p(z) 


<;Hg(z), 


z G U, 


[i.e. The case c = 6 of (2.4.17)] 

where p is analytic in U, p(z) = 1 + pj^z + ... , 

^(r.s) = r + and H. is as defined in the statement 

’ (l+6)r <5 

of Theorem 2.4.4.' - 

We shall show that ^ satisfies the condition (2.4.28) 
of Lemma 2.4.1, i.e., 


s, 

(2.4.29) ^ ^ s HgdJ) 

( l+r2 ) 

for all real r 2 and ^ ^ — . 

If r 2 > 0, then we have 

^2 ■ { S + fj 7 ^ i ^2 + 2 ( 6 + 1 ) ('^2 + 

It is easy to show that the minimum value of the right hand 
side of the above inequality is Cj^ where is given by 

Cl = ^5+1" ’* similarly one can deduce that if r 2 < 0, then 
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"^2 ~ 16+17 


^2 ” 


and To - 


2 { 6+i )r^ 


-> + oo according as T 2 5 ^ 0"^ or 0. 


Therefore if f satisfies (2.4.27), (2.4.29) automatically 
holds and the conclusion of the Theorem 2.4.4 follows from 
Lemma 2.4.1. 

Taking 6 = 1 in Theorem 2.4.4 we obtain 
C OROLLARY 2.4.2 : is the unique function that maps U 

o nto a complex plane slit along the half lines Re w = 0, 

iTs 

I Im w| 2 ~ and f G H satisfies 


2 + <2Hj^(z), z e U 

t hen the Libera transform Fj^ ^ oivon by (2.4.1) satisfies 
z F ” f z ) 

Re {2 + } > 0, in U. 

1,1 

Next we give the following theorem for the more 
general integral transform (2.4,4). 

T HEOREM 2.4.5 ; Let P >0, p+ > 0 and consider the integral 
o perator Ip ^ defined by 

(2.4.30) Fg ^(z) S[lg (f)](-z)= [^ / t^"'^f^(t)dt]^/P. 

PfV PjV q 

Suppose that the reals A,B 0 
satisfy 


1 < B < 1 and 
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-B < A £ 1 + I (1-B) 

t hen the order of starlikeness of the class ^[S*(A,B)] 
by 


(2,4.31) 6(A,BjP,a^) = inf Re qCz) 

|z|<l 


w here q(z) ^ given by (2.2.1), Morevoer if -1 ^ B < 0, 

B < A ^ min {1 + ■^(l-B) ,-(v+l) ^ } and f £ S*(A,B) then we 
have 


(2.4.32) 


Re £ 


zF 


§jl 2 L 



(z) 


> q(~r) 


Ir 

^ F(1,P (^Q^);P+aH-l;^™^) 



for 1 z 1 < r < 1 and 


(2.4.33) 


6(A,BjP, v) = q(-l) = 


Ij- P+i! 

^ F(l,p(^);p+v+l? 



- v] , 


F urthermore if 0 <B<1,B< A^ min £1 + ^ (l-B), 
(2P+V+1) ^ 1 and f 6 S*(A,B) then we have 


(2.4.34) Re £ 


2 q(r) -p[- 


P+ y 


■p fV 


F(l,p(^)jP+i>+l|ff:;3;) 


Br 


- v] 


f or I z I < r < 1 and 


6(A,B;P, V) = q(-l) 


^ 1 r 

P F(i,p(^j;p->^+i? 


bIt> 


- v 1 


where q is given b^ (2.2.1) and F(a,b 5 Cfz) is the hyperqeometri 
function defined by (2.2.2). The result is sharp . 
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P roof : If we let p be defined by 
zFl (z) z(Ig (f)]» (z) 

< 2 - 4 . 30 ) 

we obtain 

. 2P’(z) zf'Cz) 

Pp(zi + v “ TUT * 

Since f 6 S*(A,B) is equivalent to ^ I +§ ' 1 * deduce 

that p satisfies the differential subordination 

/_N , ZP'(Z) XI+AZ _ r, 

ip{z) + >' ^ ® “ 

and hence by Lemma 2.2.1 p(z) <^q(z) and q(z) is given by 
(2.2.1). This in turn proves (2.4.31). For the proof of 
(2.4.32), (2.4,33) and (2.4.34) we can proceed the same 
method as that of Theorem 2.2.1. So we omit the details 
of the proof. Hence the theorem, 

R EMARK 2.4.2 t An analogous- problem can be consideaHf <^3: 
convexity also. Consider the integral operator 


(2.4.35) [Ij^^^(f)](z) = F^^^(z) = ^ / t^^ f(t)dt, V > -1 

z F ( z ) 

If we let p(z) = 1 + — , from (2.4.35) we obtain the 

same function (for p = l) , i.e., 

zp* (z ) zf "(z ) 
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So using similar arguments as used in the proof of Theorem 
2.2.1 and Theorem 2.4.1, we obtain the corresponding result 
for function f 6 K(A,B) with respect to the integral transform 

(2.4.35) . 

R EMARK 2.4.3 : Taking p = 1, v = 1 and considering the Libera 

9 

integral operator[Ij^ j^(f)3(z)= — f f(t)dt, from Theorem 2.4.4 

’ o 

and the above remark, we have the following 

(i) Ii^l[S*(A,B)] CS*(P^) 
and 

Ij^^j^[k(a,b)]c:k(p^) 

whei\ever -1 ^ B < 0 and B < A ^ -2B, where = pj^(A,B) is 
given by 

(2.4.36) =p (A,B)=2[F(, ^j3 } - It 

(ii) Ij^^j^[S*(A,B)]CS*(P2^ 

Ij^^jLtK(A,B)] C: Kip^) 

wheivever 0<B<1 and B < A ^ min {2-B,4B}, where P 2 = P 2 (^«®) 
is given by 

P 2 = 2[F(1, ^ j 3 j ^ 

(iii) Further for p = 1, v = 1 with A = -B, -1 ^ B < 0 
we obtain 

I^^j^[S*(-B,3)]C S*(P3) 

Il^l[K(-B,B)] C S*(P3) 


and 
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where obtained from (2.4.36) is given by 

P 3 = P 3 (-B,B) = 2[F(1,2,3,-B/(1-B)]“^ - 1 * 

(iv) Now taking A =l-2a, B = -1 with a £ Cao»l) where 

“o ~ { 2 ' p ' " ' * "p” ^ obtain the main theorem of Mocanu 

et al. [85] as a special case of Theorem 2.4.5. Therefore 
all the cases considered in [ 85 ] follow immediately. So 
we omit the details of the particular cases, but it would 
be interesting to state the following result for the Libera 
integral operator. 

If a 6 [- ■^, 1 ) then for the Libera integral operator 
(2.4,1) we have 


I^^j^[S*(a)] C S*(P^) 

and 

Il^l[K(a)3 C K(P4) 


where is obtained from (2.4.36) by taking A = l-2a, B 

and is given by 

r a(2a-l)2^““^ -1, 


= P 4 (l- 2 a,-l) = J I = 0*6294 , a = l /2 


-1 


3-4 In 2 
4 In 2-2 » 


a = 0 . 
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2.6 SOME SUFFICIENT CONDITIONS FOR UNIVALENCE AND STARLIKENESS 


Recently, Mocanu [84] showed that for f G H 


(2.6.1) |~ ^ | j I < I implies - l| < 1 


and in [l38] Singh and Singh proved that if for some ^ > 0, 


( 2 . 6 . 2 ) 


I zf ' (z ) , 


1- V I zf 

I f 




holds then f G S*. The results (2,6.1) and an improved form 
of (2.6,2) can be obtained from the following more general 
theorem. 

THEOREM 2.6.1 : <5 2 “1 and f G H satisfies the condition 


(2.6.3) - Ml’' < P(M,6,v), z e U 

f(z) D° •^f(z) 


, 6 + 2 , 


f or some v ^ 0 and M ^ 1, where p(M,6,^') = 
(2M(6+2)-3)^ + 8(6+1) 


[ 


4(6+2)^ 


f then 


(2.6.4) 


r,6+l^/ N 

I — 1 j <1 z G u. 

D6 f(2) 


Proof ; Set p( 2 ) = 2 -j- 1, then p is regular in U 

D6+lf(2) 


with p(0) =1, A simple calculation shows that 
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rDflifki 

D<5 f(z) 


1]^“^ 


D6+2f (z) 

(z) 


M] 


V 


(2.6.5) 


‘-l+pCz)-' •- 6+2 


{( 6 + 1 ) (■ 


l -p(z) ^ 
l+p{z ) ^ 


zp' (z) 
P (z )+l 


} + 1 - M] 


V 


S ^(p(z), zp’(z)), 


where 


q;(r,s) 


r l-r -il- V 

'-1+r-' 



6+l+( 6+2 ) (l-M)-s-r (M(6+2 )-l ) 
1+r 


V 

}] 


with r = p(z) and s = zp*(z). 

By (2.6.5), we have to prove that 


I 5' (p(z ) ,zp' (z ) ) j < p(M,6,a;), z £ U implies that Re p(z) > 0 

in U which is equivalent to showing (2.6.4). Now for all 

/-) 

real r 2 » and Sj^ ^ - (l+r 2 )/ 2 , we have 


1 >if{ir2,Sj^) I' 


^((6+l) + (6+2)(l-M)-s^)^+r|(M(6+2)-l)^^v 

L ' " ' " ' ” " ' ■' ' o " ' ' J 

1+r 2 

^ s^-2{(6+l)+(6+2)(l-M)}sj^ 


(6+2) 


2v 




4(6+1) (6+2) (l-M) 2.5^ 

+ + (M(6+2)-1)'^] 

l+ro 


^ L_ [I + {(6+1)+(6+2)(1-M)} + (M(6+2)-1)^]’' 

“ (6+2)^ 

[- (2M(6f2)--3)^+8(6+l) 

4(6+2)^ 
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a p(M,6, v). 

Taking Q to be the set q = {w£(|: ; jw| < p(M,6,a^)j we see 
by Lemma 2.4.1 that Re p(z) > 0 in U. Hence the theorem. 
R EMARK 2.6.1 ; Taking 6=0 and M = 1 in Theorem 2.6.1, it 
follows that for v > 0 and f £ H, 


(2.6.6) < (f)*- implies |S|^-i|<l 


z £ u, 

whereas for 6 = -1 and M = 0, Theorem 2.6.1 gives 


(2.6,7) |f* (z)~1|^~^|1 + ^ |t||] |^ < (|)^ implies |f ' (z)-l |<l,z £ I 

(2.6.6) is an improvement of a result due to Singh and 
Singh [l38. Theorem 3] while (2.6.7) gives a result in 
[l38 , Theorem 2]. The case v = 1 in (2.6.6) 

( 2 . 6 . 1 ). 


reduces to 


CHAPTER - III 


ON CERTAIN NEW SUBCLASSES OF UNIVALENT ANALYTIC FUNCTIONS 


3.1 INTRODUCTION : 


In the previous chapter we studied the properties 
of the class T. „(A,B) of functions f £ H which satisfy 

O f Gl 


(3.1.1) 


(1-a) 


(z) (z) /l+Az 

d6 f(z) D^'^^fCz) 


z £ U 


where a > 0, 6 ^ -1, 


(3.1.2) -1 ^ B < 1 with B < A, and 

(3.1.3) D^f(z) = (z/d-z)*"^^) * f(z) . 


In this chapter we first generalize the above 
subclass of univalent analytic functions in U as follows. 
D EFINITION 3.1.1 : Let a ^ a complex numbe r with Re a 2 0* 

^ function f £ H said to belong to the class H^^^(h) with 
r espect ^ g £ H, D*^^g(z) 0 in 0 < |zl <1, if 

(3.1.4) (1-a) + a A{z), (h(0) = l),z e U 

D*^ ■‘■g(z) D*^^g(z) N 

for some 6 2-1 > and h an univalent analytic functicm in U. 
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If h ( 2 ) = ( p < 1 ) , denote this class . 

f or convenience , by , 

Al-Amiri [2 ] showed that if a is real and positive, 
6 > 0, f 6 with respect to g satisfying 

■— * O f ^ 


(3.1.5) 


Re { 


D«+2g(z) 



z e u 


then for a > p 2 


( 3 . 1 . 6 ) 


1 / 2 ^ H ^/2 

" 6,0 


6,a^ 


hI/2 
"6, a 




1/2 

6,P • 


Very recently, Bulboac^[l9] considered the class 

for 6 = n £ N^, a > 0, 3 < 1 with the corresponding g 
n,oc O' 

s atisfying 

( 3 . 1 . 7 ) Re } > p, z e U, 6 = n e N 

D"+2g(2) 

and called this class, the class of n-a-close-to-convex 

functions of order p. Bulboacl[l9 , Theorem l] proved that 

iff£H^ (a>0, 4<p<l and n 6 N ) with respect to g 
n I oc .^1 “■ ^ 

o* 

satisfying (3.1.7) then f £ with respect to g satisfying 

Re > p. (Z e U), where p*=[F(l,2 (n+3) (l-P ) ;n+3;^) 

0 g (, Z y ^ 

F being defined/(2.2.2). It may be noted that for P = ^ 
we obtain P* = ^ and so the above result reduces to (3.1.6). 

Further it can be seen that for g(z) = 2 and 6 = -1, 
(a 1 0)(3.1.6) reduces to 
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Re {(l-a) + af‘(z)} > ~ implies Re } > ^, z £ U, 

a result analogous to a result of Chichra [24], who showed 
that for f 6 H, Re {(l-a) + af’(z)} > 0 implies 

} > 0, z £ U, It may be noted further that it is 
not possible to obtain sharp result from Al-Amiri and 
Bulboca’s results. 

In this chapter we first give, in Section 3.2, 
containment relations for the classeiH, ^(h) and „ which 

a f Oi 0 f ^ 

generalize and improve many of the earlier known results 
obtained by Al-Amiri, Bulboca and Chichra. These relations 
also give rise to a number of new results as particular cases. 
In Section 3.3, a study of Bernardi transform of functions 
in Hg Q(h) leads to improvement and generalizations of a 
number of known results including those of Libera [6l]» 

Singh and Singh [137], Bernardi [ 8 ], Pascu [94], Al-Amiri 
[ 1 » 2 ]» Bulboac^ [ 19] and others. Some applications to 
hypergeometric functions find a place in Section 3.4. The 
results in Section 3.4 improve and generalize the earlier 
results of Owa and Srivastava [90]. 

3.2 CONTAINMENT RELATICNS : 

For the proof of our results we need the following 

lemma, 

LEMMA 3.2. 1 : Let h ^ a convex univa lent function in U, 
with h(0) = p(0) = c and let K(z) ^ m analytic function 
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in U with Re {X(z)}>0, ^p(z) = c+p^^z + ... J.s_ analytic 

in U, and satisfies the differential subordination 

(3.2.1) p(z) + zp'(z) (X(z)) <^h(z), z e U 

then p(z) <^h(z), z £ U. ^ 

P roof : Let us first suppose that all the functions under 
consideration are analytic in the closed disc U. For that 
we shall first show that if p(z) is not subordinate to h(z), 
then there is a z^, z^ G U, such that 

(3.2.2) ^oP'^^o^ (>^(2^)) 4 

which would contradict the hypothesis. 

If p(z) is not subordinate to h(z), then, by Lemma 
1.5.2, we conclude that there are z^ G U, 2^6 and m, 

m 2 i» such that 

(3.2.3) p{z^)+z„p'(z^)X(z^) = h{£^)+m5„h'(!;^) X(z^). 

Now Re (X(z)) > 0 in U Implies |arg(X(z))| < lt/2, 

and ? h’(t ) is in the direction of the outer normal to 
*0 

the convex domain h(U), so that the right-hand member of 

(3.2.3) is a complex number outside h(U); that is, (3.2.2) 
holds. Because this contradicts the hypothesis namely (3.2.1), 
we conclude that p(z) <^h(z), provided all functions under 
consideration are analytic in U. 

To remove this restriction, we need but replace p( 2 ) 
by Pp(z) = p(pz) and h(z) by hp(z) = h(pz), 0 < p < 1. All 
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the hypotheses of the theorem are satisfied, and we conclude 
that Pp(z) <^hp(2) for each 0 < P < 1. By letting P *♦ 1, 
we obtain p(z) <(^h(z) in U. 

REMARK 3«2.1 : The lemma above proves the existence of a 
dominant for the differential subordination (3.2,1). It 
seems plausible that each p(z) satisfying the differential 
subordination (3.2^1) in Lemma 3.2.1, will have best dominant, 
of^course with an additional condition on \(z). However, 
we have not been able to prove it at present. It may be 
noted that for the case X(z) = ^ where v is a complex 
number with v ^ Of Re 2 0 in (3.2.1), the best dominant 
of (3.2.1) is known [44,75] (see Lemma 2.2.4), 

If we take p(z) = 1+z, X(z) = in the above lemma then it 
can be seen that 

p(z) + zp’(z) (X(z)) = -jrl 

and so 

Re {p(z) + zp’(z) (X(z))} > 0 implies Re p(2) > 0 in U 

follows from Lemma 3.2.1. This shows that the Lemma 3.2.1 
may be improved with an additional condition on K(z). 

We now proceed to prove 

T HEOREM 3.2.1 : Let 6 2 “ir ® the complex number with 
Re a > r) 2 0» and g G H satisfies 

D^-'^gCz) 

(3.2.4) Re {a — } > R, z G U. 
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( a ) Then with respect to this g and h, a convex univalent 
function wi th h(0) = 1> ^ have 


(3.2.5) 0^*^^ whenever r) = 0 
and 

(3.2.6) hP C , whenever t) > 0 

w here 

2p(6+2) + T] rid-P) 

(3.2.7) p, « aP+ . 

2(6+2) + T} 2(6+2)+T) 

( b ) j f a ^ a real number with « ^ 1 and g G H satisfies 
(3.2.4), then 


(3.2.8) 
w here 

(3.2.9) 


^6, a ^ ^6,1 


P + 


r) (a~l)(l-p) 
oc (2 (6+2 )+■>!) 


Proof : Let f € ...(h), where 6 > -1, a is a complex 

' ' " " Of ^ 

number satisfying Re a > 0, h be a convex univalent 
function with h(0) = 1 and g G H satisfies (3.2.4) with r) 


Set X(z) 


J -.6 hhI / \ 

a .. . . By (3.2.4) we observe that 


D 


6+2 


g(z) 


Re {K(z)} > 0, Re a > 0 and D^^^g(z) 0, in 0 < |z| < 1. 


O. 


Define 


p(z) 


D’^~''^f (z) 
D^'"^g(z) * 


(3.2.10) 
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Clearly p(z) is analytic in U, p(0) = 1. Differentiating 
(3.2.10) and using the identity (2.2.14), we get 


(3.2.11) 




p(z) 


1 D^'^^g(z) 

D*'*’^g(z) 


zp’ (z). 


Therefore, from (3.2.10) and (3.2.11), we obtain 


(1-a) 


(z) D^'^^f(z) 

D*-^^g(z) D^^^giz) 


= p(z) + ( 


a 

6-f2 


6-fl / X 

D g(z) 
D^‘^^g(z) 


) zp’(z) 


C2>'2.-12) 


= p(z) + >^1(2) zp' (z) 


where A.j_(z) = (X(z)) satisfies Re {^■j^(z)i > 0. 

Since f £ H. ^(h), we obtain from (3.2.12) that 

Of OC 

(3.2.13) p(z) + X.j^(z) zp‘(z) <^h(z). 


Now using Lemma 3.2.1, we obtain from (3.2.13), that 


(3.2.14) p(z) <(h(z). 

(3.2.14) , because of (3.2,10), gives that f £ 

This proves (3.2.5), 

To prove (3,2.6), let f £ where 6 > — 1» p < 1, 

O ^ u — 

a is a complex number satisfying Re a > t) > 0 and g £ H 
satisfying (3.2.4) with ti > 0, By (3.2.4) we again observe 
that Re {X(z)} > rj^O < rj < Re a and D‘^'^^g(z) 0 in 0 < |z| < 

Define 

(3.2.15) p(z) = <l-^,r^ ( D . ^^ . t(z l . p ) 

D^-^g(z) 
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where is given by (3,2.7). Clearly p(z) is analytic in U, 

p(0) = 1. To prove (3.2.6), it is sufficient to show that 

f G ^ implies Re p(z) > 0 in U, Differentiating (3.2,15) 
o > ^ 

and using (2.2.14), we get 


( 1-a) 


D«+^g(2) 




(X(z)).zp’ (z) 


(3.2.16) s w(p(z),zp’ (z) jz), say 
where 

(l-Pi) 

(3.2.17) '?(r,sjz) = PjL + '^“"6+2 — (^(z)) s. 

Since f G „ we obtain 

0 y 0- 

(3.2.18) (p(z),zp' (z);z) :z G U }C Q 5 fw 6 ^:Re w > p} . 


Now we show that for each z 6 U, W satisfies the condition 
(2.4.28) of Lemma 2.4.1 with k = 1 and a = 1. For all real 


r 2 » and Sj^ £ 


-d+r?) 


.we 


have from (3.2.17) that 


(l-Pi) 

Re { Wdr^tSj^lz)} = pj^ + Re(A(z)) 


(l-Pi) 

= ^1 ” 2 ( 6 + 2 ) ^ 


This shows that for each z G U, ^(ir 2 »Sj^?z) if 0 . 

Hence by (3.2.18) and Lemma 2.4.1, we obtain that Re p(z) > 0 
in U. This by (3.2.15) shows that (3.2.6) holds true. 
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Case (b) ; If f 6 ^ with p < 1, 6 2 "1 a be a real 

number satisfying a > 1, we have from (3.2.6) that 


(1-a) Re 


D^'^^f(z) 


} + a Re 


D^'^^f(z) 


} > P, 


z 6 U 


rs6+l^ / \ 

implies Re {J=i— } > p z e U. 
D^^g(z) ^ 

Since a 2 1» i't follows that 

(3.2.19) (1-a) Re { "^-n } < p.d-a) 

D*^-^g(z) - 

Since f £ (3.2.19) leads to 

Of w 


(3.2.20) 


Re 


^D^''2g(z) 


} > 


p-pj_(l-a) 

_ 


z e u. 


Now (3.2.9) follows upon substituting (3.2.7) in (3.2.20). 

Hence the theorem. 

R EMARK 3.2.2 ; Though we are not able to obtain the sharpness 
of the above theorem, but for the special case namely g(z) = z, 
the result has been shown to be sharp in Theorem 2.2.2. 
Considering a real with a ^ 0 and t) = 0 in the above theorem 
we obtain 

COROLLARY 3.2.1 : Let h ^ a convex univalent function 

in with h(0) = 1. Then for jg real and a > O, 


H 


6 ,« 


(h) c 
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whenever Re { — rr: > 0* 

D*+-^g(z) 

It may be noted that the above corollary not only 

generalizes the result of Al-Amiri [12] and Bulboaca[l9] 

but also shows that for h(z) = ■j— the containment relation 

(3.1.6) of Al-Amiri [ 2] holds under much weaker hypothesis 

on g and similarly for h(z) = (2 ^ 

containment relation of Bulboaca[l9] holds under weaker 
condition on g. 

C OROLLARY 3.2.2 ; Let oc >a’ ^0 and h a convex 

univalent function in U. If f £ H^^^(h) with respect to 
gen satisfying (3.2.4) with h = 0 then f £ Hg^^,(h) with 
respect to the same g. 

P roof : If a' = 0, then there is nothing to prove. 

If a' >0 and f £ (h) with respect to g E H satisfying 

Of OC 

( 3 . 2 . 4 ) for a real with a > a' >0, then from the identity 


( 3 . 2 . 21 ) 


d-a’) 


(z) 

D®+^g(z) 


+ a' 




a' 

a 


(1-a) 


D'S+^gCz) 


+ a 


(2l 

D^*'^g(.z) 




DS-^^gCz)-' 


and the fact that f £ implies f £ H g^Q(h) , (cf . (3.2. 5) ) , 

we see that 


ii-ocn 


D*'^^g(z) 


+ a ’ 


(z) 

D^'^^g(z) 


<(^■”^>( 2 .)+ )b(z ) 5B h(z),z £ 
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This shows that f £ H_ ,(h). 

OfOC 

COROLLARY 3.2 « 3 : Let 6 2 ”1 and a > max {a' ^ V } > 0, 
iP 

V 

. nr - 

.P 

6 , at 


^ ^ ^6 a respect ^ g 6 H satisfying (3.2.4) with t) 2 0 

P 2 

then f G ^5 0 ; with respect to the same g, where 

, hCi-P) 

P + (1 - — r r — . 

a 2(6+2 )+t) 

The cases ^ * O and 1 ^ = 0 are obvious, hence assume 


P 2 

Proof 


^ > 0 , and T) > 0. 

Since defined by (3.2.7) is greater than or equal 
to p, from the identity ( 3 . 2 * 21 ) and ( 3 . 2 , 6 ), we obtain 


Re {(1-a’) 


(z') 

D^-^^gCz) 


+ a 




, 6+2 


a(z) ^ ^ “ ^ 2 ( 6 + 2 )+h 




“ ^ 2 * 

Hence the corollary. 

The case 6 = -1 of Theorem 3.2.1 gives the following 
C OROLLARY 3.2.4 ; ^ g £ H satisfies 

R® <“ Tgnrj^ > ” ’ 

a ^ a complex number with Re a > t] ^ 0 and f £ H. 

Then 

(a) for T) 2 0 and h a convex univalent function in U, 
(3.2.22) (1-a) ■|[|j + a <(h(z), z £ U 
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(b) For, 
(3.2.23) 


P < 1, T) > 0 and a real 

Re f(l-a) + a |;{|j) > p. 

Re tffij! > ^ 


z 6 U 

, z e u. 


( <^ ) ^ ^ J. number satisfying a 2 1 » and ti > 0 ^ have 

(3.2.23) implies 


(3.2.24) Re { 


.Hi) 


} > P + 


r)(a-l) (l-p) 
a:(2+Ti} 


e U. 


For a = 1, the above corollary shows that if g 6 H 
g(z) 


satisfies Re { ^ ^ "(z 'J ^ ^ > O 1 R < 1» then 
(3.2.25) Re > P implies Re > 


2P+T1 

2+-n 


> p, z G U. 


The relation (3.2.25) yields the results of MacGregor [ 67 1 
and Libera [ 61 ] for r) = 0. However if t} > 0, (3.2.5) gives 
an improvement over their results. 

r emark 3.2.3 : It is interesting to observe that if 

g(z) = z/(l+z)^ (and hence g satisfies Re(zg* (z)/g(2) ) > 0 in 

U) and f be determined by f'(z)/g’(z) = (l+(l-2p)z)/(l-z ) 

(p < 1) then f(z)/g(z) = (l~p) (l+z )+p. This shows that the 
bound in the relation (3.2.25) cannot be improved for the 
case T] = 0» thereby est-ab-lishing that the results of 
MacGregor [67] and Libera [ 61 ] are the best possible ones. 



82 


3.3 INTEGRAL TRANSFORMS : 


For functions f £ H and g £ H, Libera [6l] showed 


that 


(3.3.1) Re > 0 implies Re ( — 


and in [ 8 ], Bernardi showed that 


(3.3.2) Re > 0 implies Re £ — 

y j 


and c £ N, where I, -(f) is defined by 

X • c 


1.1 

1,1 


lj_C 

l,c 


if)V(z) 

(g) ] ' (z) 


(f) 3»(z) 

(g) ] ' (z) 


J > 0 when g G K 


5 > 0 when g £ K 


(3.3.3) [I^ ^.(f)](z) = / t^”l f(t)dt. 

Pascu [ 94 ] showed that (3.3.2) continues to hold for any 
real c > -1. On the other hand, Singh and Singh [l37 ] 
showed that (3.3.1) is valid even if g 6 K(-l/2). 

Mocanu [84, Theorem 2] proved the following lemma. 
LEMMA 3.3.1 : Let ^ the unique function that maps U 

onto the complex plane slit alonq the half lines Re w = 0, 

I Im w| 2 'Re " r p+ ^ [ jp+c IVl+2 Re (p+c)-Im(p+c) ]/Q^^^(0)=p+c with 
Re (p+c) > 0) , 

If g £ H satisfies the subordinati on relation 


zg ' (z ) / , . 
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then the fu ncti on G ■ I., „(g) defined by 

[ I. -(g)](«) ® G(z) = / t^”^ g^(t)dt3^/^^ is analytic 

in U, G(z)/z j^Oand Re (p,z + c) > 0 in U. 

It can be easily seen that 

(3.3.4) ^ g(t) dt 

*' z o 

and so the above lemma continues to hold for ji = 1 and g(z) 
and replaced by D'^'^^gCz) and ^ (g) ](z ) ) 

respectively, he now state and prove the following theorem. 
T HEOREM 3.3.1 ; Let c ^ a complex number wi th Re(l+c) > 0, 
5 2 “1 and h ^ ^ convex univalent function in U wi th 
h(0) = 1. If g c H and 


(3.3.5) 

then 


, ( 0 ^^; 9, ^ c 

D^^g(z) 




(3.3.6) f e 0^*^^ with respect to g 
implies 

(3.3.7) F £ ^5 0^^^ with respect to G 

where F(z) = [l^^^(f)](z) and G(z) = ate 

defined kx (3 .3.3) and ^ defined in Lemma 3.3.1, 


Proof 


; Since [l, _(f)](z) s ( 2 7 ^ z^) * f(z) s F(z), 


U,c 


J=1 


c+J 


[I 


l,c 


(g)](z) = ( 2 
j=i 


C4-1 

C+j 



* g(z) = G(z), 


say. 


(say) and 
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it can be easily seen that 

(3.3.8) z(D^^^F(z))' = (l+c)D'^‘^^f (z) - c D®^^F(z), 
and 

(3.3.9) z(D'^'^^G(z) ) ' = (1+c) D'^'^^g(z) - c D‘^^^G(z). 
Set 


(3.3.10) 


X(z) = 


[z 


(D^'^^G(z))' 1-1 

D®+iG(z) ■’ 


Since g £ H satisfies (3.3.5), it follows from 

Lemma 3.3.1 that D^'*’'^G(z) defined by (3.3.4) is analytic in 

U, D®''‘^G( 2 )/z 4 0 and Re { z ?-) ■ )-' . + c) > 0 In U and 

D«+^G(z) 

this in turn implies that Re x(z) > 0 in U. 

Now consider 

(3.3.11) p(z) = . 

D^^-^G(z) 

Then p(z) is analytic in U and p(0) = 1. 3y (3.3.8) and 

(3.3.9), a simple manipulation shows that 

(3.3.12) ° = p(z) + (X(z)) zp'(z) 

D®'^-^g(z) 


where x(z) in (3.3.12) is given by (3.3.10) and so 
Re \ (z ) > 0 in U. 


Since f £ H. n(h) with respect to g and h be convex 

O 

univalent function in U with h(0) = 1, it follows from 

(3.3.12) and Lemma 3.2.1 that p(z) <^h(z) in U and hence 
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by ( 3 . 3 . 11 ), we obtain the required conclusion. Hence 
the theorem. 

C OROLLARY 3.3.1 : Taking 6 = 0 Theorem 3.3.2, it follows 
t hat if f £ H, h convex univalent function in U with h(0) = 1 
and g £ H satisf ies 


2 G *’( z ) ✓ 

l+c 4. — \Qi+(,(z)» Z £ U (Re (l+c) > 0), 
t hen 

■ ■ , ) - t < h(z) implies * <rh( 2 ) z £ U 

z 

w here [I. (f)](z)=^ / t^"^ f(t)dt ^ is the 

u nique function that maps U onto the complex plane slit 
along the half lines 

Re w = 0, |lm(w)j ^ Re Cl+c T fl+2 Re (l+c) - 3jm(l+c)] 


(Ql^c^^^ = l+c). 


, , 1+(1-2P) 2 

The above corollary for h( 2 ) = = 1 — r shows that 


1-2 


for f, g £ H and p < 1 


f’(7) 

(3.3.13) Re { * I >| () > P implies Re t — } > P,z 6 U. 


2 g ( Z ) J 

whenever g £ H satisfies l+c + —v ^ - j- 


( 3 . 3 . 13 ) shows that result (3.3.1) of Libera holds under 
much weaker hypo-theses than the one considered by Singh 
and Singh [ 137 ] for the case c = 1, namely g £ K(- '^), 
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In particular from (3.3.13) we also get 
f'(z) 

Re 3 > P implies Re { — ^ } > p, z £ U 

whenever g £ K(-Re(c)). 

This is also an improved and generalized form of the results 
obtained by Bernardi [ 8 ], Pascu [ 94 ] and others. 

3.4 SQi\/iE APPLICATIONS TO G£NERaLIZ£D xHYP£RG£OMETRIC FUNCTIONS; 


Let a^ (i = 1,2, ...,p) and (i = 1,2,. ..,q) be 
complex numbers with b^ O, -1, -2,... (i = l,2,...,q). 
Then the generalized hypergeometric function (z) is 

r*' M 

defined by 


(3.4.1) 


pFq(z) s pFq (a^,...,ap; bj^, . . . ,bq5Z ) 


= Z 


_P_n z 


n-0 ... (b^)^ 


^ (p 1 q+1) 


where the notation (a)^^ means the Poch hammer symbol defined 


by 


(a) 


n 


, if n = 0 


(a+l) ... (a+n-1), if n G N = {1,2,...} . 


We note that pF^ series in (3.4.1) converges absolutely for 
|z| < ■» if p < q+1, and for z £ U, if p = q+1. 

The function 2^1^®1^®2^^1*^ ^ hype rge ©metric 

function and Z 2 Fj^ (l ,a 2 ,b 2 ;z ) is the incomplete beta function 



87 


given conveniently by 

“ (a) , 

<p(a,b 5 z) = 2 ^ z" |z| < 1, h 4 Qy -1, -2,..., 

n=0 (b)^ 

and having an analytic continuation to the z-plane cut along 
the positive real axis. In [90], Owa and Sriv^stava [Theorem 
4 and Corollary 3] proved that 

(3 .4.2) (^2’ * * ° *• * (z/( l~z ) ) 6 0 

with respect to g £ S* 

implies 

(3.4.3) 2p+kFq+k(2;L» • • • »ap»Cj^+l, . . . ,Cj^+l|b^, . . . ,b^, 

Cj^+2, . . . ,Cj^+2jz} * (z/(l-z)^) £ 

with respect to z . . . , a^, Cj^+1, . . , , Cj^+1 j 

bj^, . . . ,bq, Cj^+2, . . . , Cj^+2 ;z )* g(z) 

where Cj 2 0 (j = 1,2, ...,k). 

In the following theorem we improve and generalize 
the above result as follows: 

T HEOREM 3.4.1 ; Let 6 ^ a real number satisfying 6 >-l» 

c. (j = 1,2, ...,k) complex numbers such that Re (l+c . ) > 0 
1 1 

for j = 1 , 2 , . . . , k and h ^ a convex univalent function in U 
w ith h(0) = 1. Further for f,g £ H, let cp and ^ ^ def ined 
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( 3 . 4 . 4 ) cp(z) = 2 

( 3 . 4 . 5 ) 'I!(z) = 2 pFq(2) * 9(2) 


and Q 


l+c- 


be the unique function that maps U (p < 


the complex plane slit alonq the half lines 


Re w = 0 , |lm w| ^ R e ' U ' +c ' P ' ^ l^’^^lf Vl +2 Re(l+Cj^) 
if ^ satisfies 


( 3 . 4 . 6 ) 


<=1 


4 


ddlLjiil' 

'S(z) ^ 


( 2 ) , z e u 


then 


implies 


^ ^ ^6 0^^^ with respect to 


2 p+k^q+k^z) * f(z) e Hg^Q(h) with respect to 

^ p+kVk'^^ * 

where 


( 3 . 4 . 7 ) 2 _ , i,F . 1^ (2 ) — 2 


p+k"q+k^^^ p+k^q+k^^l'’-*»®p’'^l'^^»* 


b ^ 5 ^ b y c ^ 1 2 ^ . . . j c i 2 } 2 ) 


Proof : Consider the integral operator 

1+Ct z Ct-1 

f ^l,c. t ^ cp(t) dt 


'1 0 


l+c, Z c,-l 

/ t ^ [t jjF (t) * f(t)] dt 
1 o ^ ^ 


q+1 ) onto 


- Im(cj^)]. 
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1+c, z c,-l 

[ctpF^Ca, 



.,b iz)}*(t+ 2 a t‘^)]dt 
^ n=2 


^^0 Xbj )^ .. . (bq)^ n+c^+1 ®n+l n I 



= 1 ) 


= [ 2 


(a,) 


l^n 


n=0 (b^)^ 


(ap)n (^i+J-)n 



] * f(z) 


~ l-^p+l^q+1^®!’ * • • * f(z)‘ 
Similarly we get 


[iq ^ (f)](z) = [Z 


p+l^q+l^®l 


a^, Cj^+1 jbj^, , . . ,bq, Cj^+2|Z ) ]-»«g(z 


Since ^ satisfies (3.4,6), we obtain from Theorem 3.3.1, 
that 

<P £ Hg 0^^^ with respect to 

implies z p^.iFq 4 .i( 2 ) * f(z) is also in HgQ(h) with respect 

*° ^ p+iVi'^’ * 

Again (3,4,6) and Theorem 3.3.1 implies that 

(*)]'(2)) 

( 3 • 4m 8 ) Refcj^ 3 ^ 0* 

. ('t)](2)) 

X ^ L*! 

Now considering 


1 , C/ 


((: 


l+c. 


Z C2-I 


p+lVl’ * * [tp+iFq^l(t)*f(t)]dt 
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where z p+i^q+^Cz) is defined by (3.4.7). Now using the 
above arguments we obtain, 


p+lVl' * p+2^q+2^^'>'i* 

and 

p+l^q+1^ * g](z) =[z p+2^q+2^^^^* g(z). 

This shows the z p4.2^q+2^^^ * ^(2) is also in 0^^^ with 
respect to z p^2^q+2^^^ * 9(2) follows from Theorem 3.3.1 and 
the fact that cp £ with respect to .w implies 

[z p+i^q+i (z ) ]* f(z) is also in H^Q(h) with respect to 

Now repeating the arguments in this fashion, by 
using Theorem 3.3.1 and considering the operator 
^l,c.^^^ p+i^q+i^ * f')(z) (i = 3,4, ...,k), yield the 
required conclusion immediately. 

Substituting 6 = 0 and taking f(z) = z/(l-z) in the 
above theorem we obtain 

C OROLLARY 3.4.1 ; Let h ^ convex univalent function with 
h(0) = 1 and 1! defined by (3.4.5) satisfy 

z(z W'(z))' 

Cl + VTz) x^l+Cj^^^^ 


where Q-,,. is as defined in Theore m 3;', 4.1. 

■''' X+Cjj^ <—««-. ■' '■ I 

T hen for Re (l+Cj) >0, (j = l,2,...,kj. 


(z pFq)'(z) 
WHa) 




x^l>(z) implies 


p+kVk * 


<Jh(z ), z £ U. 
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Corollary 3.4.1 improves and generalize the results 
of Owa and Srivastava [90], namely, (3.4.2) and (3.4.3). 

Taking g(z) = z, i.e. li'(z) = z, we obtain 
C OROLLARY 3.4.2 : the f unction z F (p < q+l) defined 

JD — — 

(3.4.1) satisfies 

(z pFq)’(z) <Qx{z) implies (z p+kFq^j^)(z) <^h(z), z G U 

w here h _is convex univalent f unction with h(0) = 1 and 
z p+i^F'^+j^ is a_s defined by (3.4,7) with Re (l+Cj) > 0 

(j “ lj2,...jk). 

It may be noted from the above corollary that for 
h(z) = (l+z)/(l-z), z F close-to-convex (univalent) 
implies that z p+j^Fq+j^ is also close-to-convex (univalent) 
in U. 



CHAPTER - IV 


DIFFERENTIAL SUBORDINATION AND CONFOR/\4AL MAPPINGS 

4 a INTRODUCTION ; For Ui < ii/2, let S^(p) denote the 
class of functions f £ H satisfying 

(4aa) Re {e^^ " fx zX ^ > P cos X , z £ U , 

where p < 1. Then f is said to be x-spiral-like of order 
p. As shown by Spacek [141 ] x-spiral-like functions are 
univalent in U, The concept of order for x-spiral-like 
functions was introduced by Libera [62], who also made a 
detailed study of S^(p), The class of 0-spiral-like 
functions of order p, is the weltknown class of starlike 
functions of order p, denoted by S*(p). 

Let g be a normalized starlike function in U, h be 
analytic function in U such that h(0) = 1 and Re {e h(z)} 
for some real v and all z £ U. Then if a > 0 and p real, 
the function f defined by 

(4a. 2) f(z) = [/ g“(t)h(t)t^^”^ 

0 

is single-valued, analytic and univalent in U [7,100,125] 
and is called Bazilevic function of type (a,p). (Powers in 
(4a. 2) are taken to be principal values). We shall denote 
by M(a+ip), the class of Bazilevic of type (a,p). Then f 
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is in M(a+ip)if and only if there exists a function g £ S* 
and a real v such that 

(4.1.3) Re { } > O, z e U. 

g“(z) z^P-l 

In [ill], St. Ruscheweyh proved that if f be Bazilevic of 
type (ct,p) in U and c be a complex number such that Re c > 0, 
then the function F defined by 

(4.1.4) F(z) = [. S . t , g ±. i £ / t^“l[f(t)]“+iP 

o 

is also Bazilevic of type (a,p) in U. 

It is easy to see that the function f that arises 
from (4,1.2) when h(z) S 1 must satisfy 

(4.1.5) Re{,l + + (k-1) > 0, z e U, 

with k = a+ip, Re k > 0, Conversely, if f 6 H, f(z)f'(z)/z ^ 
(z £ U), and f satisfies (4,1,5) for Re k > 0, then the 
function f can be written in the form (4,1.2) with h(z) s 1. 

In [283» Eeningenburg et al. showed that if f £ H with 
f(z)f*(z)/z ^ 0 for z £ U, then for k = a+ip, a > 0, p real, 
one has 

(4.1.6) Re {1 + -jrjjj + (k-l) } > 0, z £ U > 

implies f £ S^(0) , 
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where X satisfies x = arg(a+ip), ~ < X < ^. 

Further in [57], Lewandowski et al. showed that if 
f e H for which zf’(z)/f(z), 1 + (zf "(z )/f ' (z ) ) are nonvanishin< 
in U and v is a real number, then 

Zf*(z) 1 ')) 7 f ( 7 ') V 

(4.1.7) Re { ) (l + ) } > 0, z £ U implies f 6 S 

and in [58], it was shown that 

(4.1.8) Re { ( -i-^-j- ) (1 + - pll '-j) } > 0, z £ U implies f £ S* 

In [135], Singh showed that for f £ H and fi = 1,2,...^ 

(4.1.9) Re {f'(z) (■~^)^“^} > 0 implies Re(^^)^ >0, z £ U 

M A# 

whereas Owa and Obradovic [89] improved this result by showing 
that 

(4.1.10) Re {f '(z)(i^)^"^} > P 

implies Re , z £ U 

where p > 0 and 0 ^ P <1. Simple examples can be constructed : 
to show that the above results are not sharp. 

We now introduce a class, the results about which would lead 
to sharpening and generalization of some of the above-mentioned 
results. 
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DEFINITICN 4.1,1 : A function f 6 H said to be in 

if 

('••I'll) -in^TffVr ® “ 

g^(z) f ^(z) 

f or some [i(ia. 2 O) » h a univalent function with h(0) = 1 and 
g 0 H o(^ (4.1.11) pcwers are assumed to take principal 
v alues ) . 

We denote by Bj^(n.|h) the subclass of functions in 
B(|j-;h) for which g(z) s z. Thus B(Ojh) a Bj^(0;h)jis the 
class of functions f G H satisfying <^h(z) for z G U, 

and Bj^(ljh) is the subclass of H consisting of functions 
for which f*(z) <^h(z), z G U. VVe also denote by B(iJ.,p) 
the subclass of B(^xjh) when h is taken to be 
h(z) = (l+(l-2p)z)/(l-z) and Bj^(n.,p) is the subclass of 
B(|a,p) when g(z) = z and p < 1. 

In this chapter, we propose to take up some application 
of differential subordination to certain conformal mappings. 
These applications not only lead to improvement and sharpening 
of many of the earlier known results for the subclass of 
Bazilevic functions of type (a,p) but also give rise to a 
number of new results for the other subclasses as well. This 
is accomplished by studying the wider class B(pjh) introduced 
above. In Section 4.2, we obtain some interesting results 
concerning B^Cp-^P) and give some sufficient conditions for 
a function to be close-to-convex (univalent), staslike and 
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convex respectively. In Section 4.3, an application of 
differential subordination to the investigation of certain 
integral transforms of the class SCt^jh) leads, perhaps for 
the first time, to sharp results in this direction. Further, 
the use of differential subordination has been made to 
prove sharp results for certain integral transform for the 
subclass In Section 4.4, we improve the relation 

(4.1.6) and (4,1.7) by showing that the same conclusion holds 
under much weaker conditions on f. Vy'e also generalize and 
improve (4.1.8). Finally in addition to obtaining some 
results concerning the class 3j^(|j.,p), further sufficient 
conditions in terms of Schwarzian derivative for a function 
to be starlike or convex have also been obtained, 

4.2 SOME SUFFICIENT CONDITICNS FOR A FUNCTION f TO BE 

CONVEX . STARLIKE . 'CLQSE-TO-CONVEX AND h ( z ) ; 

We first state 

T HEOREM 4.2.1 : fEH, f5^0inO< Ul <lh,^a 

convex univalent function in U with h(0) = 1, p > 0 and 
a ^ Q with Re a 2 j[£ f satisfies 

(4.2.1) (l-a) ( — ■~)^ + af ' (z) (•^^^)^“^ <^h(z), z £ U 
then 

(4.2.2) z--(^l/a) / ^(ia/a)-l h(t)cit, z £ U 
and the result is sharp . 
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P roof : Let h be a convex univalent function in U and 

h(0) = 1. Consider 

(4.2.3) p(z) = > 0). 

Then p is analytic in U and p(0) = 1. Differentiating both 
sides of (4,2.3) logarithmically, a simple computation yields 

(4.2.4) (l-a)(£^)*' + af'(z) = p(z) + ^ zp'(z). 

Therefore by Lemma 2.2,4, since f satisfies (4.2.1) and (4.2.4) 
we have 

P(z) = (fki )l^ /B / ^.Cp/a)-l h(t)dt. 

z A a Q 

This proves (4.2.2) and the sharpness of the result follows 
from Lemma 2.2.4, Hence the theorem. 

REMARK 4.2.1 : The case p = 1 of the above theorem leads to a 
result of Theorem 2.2.2. 

Taking a = 1 in Theorem 4.2.1 we obtain 

c orollary 4,2.1 ! If f e Bj_(p 5 h) ^ f 5 ^ 0 in 0 < \z\ <1, 

t hen 

/JL / h(t)dt <^h(z), z e U 

^ z^ o 

w here p > 0, h being a convex univalent function in U. The 
r esult is sharp . 

l+(l-26)z , 

For h(z) = ^ P above corollary 

improves the recent results of Owa and Obradovic [89] and 
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Singh [l38]. 

Using the welJrknown sharp result of Suffridge [145], 

viz . , 

, z _i 

(4.2.5) zp'(z) cp(z) implies p(z) <^ / t“ (p(t) dt 

o 

where ^ G S* and p, defined by p(z) = z + ... analytic in U, 
we obtain 

THEOREM 4.2.2 ; fGH, fj^OinO< Izj <1 ^ <p G S* 

then for p real and p > 0, 

(4.2.6) f'(2) <<p(z), z £ U 

z 

implies - 1 p~^ f t*"^ (p(t)dt, z G U, 

The result is sharp . 

P roof : If we set 

(4.2.7) p(z) = - 1], (p > 0) 

then p is regular in U and p(0) =0. A computation shows 
that 

zp'(z) = f '(z)(^^)^’"^ - (^1^)^^ 

holds for z G U. Therefore (4.2.6) is equivalent to 
zp'(z) <^<|i(z). Now the conclusion follows from (4.2.5) and 

(4.2.7) . Hence the theorem. 
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Taking = 1 in the above theorem, it follows that if f £ H 
and ■<p G S* satisfies 

f'iz) <,r(z), Z eu 

then (p(t) dt , z e U, 

' o 

or if f £ H and q? £ S* then, 

zf”(z) <^(p(z) implies f*(z)-l / t“^ <p(t)dt, z £ U. 

o 

For example if f £ H, then for different choices of the 
starlike function <p(z) in the above relation we obtain the 
following results. 

C OROLLARY 4.2.2 : Let f £ H then 

(a) zf"(z) ze*^ implies f*(z)-l — , z £ U 

for k real and 0 < k < Ij 


(b) 

zf*’(z) < 

/ — implies f^Cz) \ * z £ U; 

(c) 

N 

N 

{ z implies f*(z) - 1 <!^z, z GU; 

(d) 

N 

N 

y z-(k/(k+l))z^ 


implies f*(z)-l [kz-log(l-z ) ] , z £ U, 

for all k, |k - ^1 ^ ^ ; 

(e) zf”(z) <(j|^ implies fUz)-l log (l+z), z G U. 
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THEOREM 4.2,3 ; Let f £ H and p < 1. a, X ^ complex 

numbers with Re a > 0 and j xl < » then 


(4.2.8) 
implies 

(4.2.9) 


Re {(1+Xz) [ (l+aXz)f * (z)+a (l+Xz )zf "(z ) ] } > p, z £ U 

2p + Re a - |al jxj 

Re { (l+Xz )f ' (z )} > — , z £ U . 

2 + Re a - j a j | X | 


P roof : Let 

2p + Re a - |aj |x| 

(4.2.10) p. = 

2 + Re a - I a I X 


and consider 

(4.2.11) p(z) = (1-Pjl)"^ [(1+Xz)f' (z) - p^]. 


Then p is analytic in U and p(0) = 1. Again by setting 

r(z) = a(l+Xz),(so that Re (r(z)) > Re a - iixX|= h 2 0) 
a simple computation shows that 

(l+Xz)[(l+axz)f ' (z) + a(l+Xz)zf ’’(z) } 

= pj^ + (1-pj^) [p(z) + zp'(z) (r(z))] 

(4.2.12) SB f (p(z),zp’ (z)?z) 
where 

(4.2.13) «(r,s;z) = pj^ + (l-P^^ [r+s(r(z))]. 

Using (4.2.8) and (4.2.12), we obtain that for each z £ U, 
{^(p(z),zp'(z);z):z £U}C^=iwe(t:;Rew>P}. 
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Now for all real T 2 and ®j_ ^ 5 (l+r^), we have for each z G U, 

Re {W(ir 2 ,Sj^;z)}= + (l-p^)sj^ [Re r(z)] 

(l-3l) 

^ hj “* 2 

(l-Pi) 

= ^ (Re a - ja| | x| ) s p . 

Hence for each z £ U, w(ir 2 ,Sj^jz) q . Thus by Lemma 2.4.1, 

Re p(z) > 0 in U and hence by (4.2,11) we establish our claim. 
r emark 4.2.2 : It may be noted that the above theorem gives 
a sufficient condition for a function f £ H to be close~to- 
convex(univalent) with respect to the starlike function 
g(z) = z/(l+Xz), z G U, when -[Re a - la| |x|]/2 ^ p < 1. 

If we take a real and positive, p = 0 and set 


(4.2.14) v(z) = (1+Xz) [(■j + Xz)f'(z) + (l+xz)zf "(z)], 


the above theorem reduces for |x| 11 to 

a(l - Ixt ) 

( 4 . 2 . 15 ) Re{v(z)}> 0 implies Re { (l+xz )f ' (z )} > ; — ~»Z! 

2+a(l-lx|) 

Letting a — •> -h», (4.2.15) is seen to be equivalent to 


(4.2.16) ReCw(z)} ^ 0 implies Re { (l+Xz )f ' (z ) 1 2 1 (|xj 1 l) 


where 


w(z) = (1+Xz) [;^zf'(z) + (l+xz)zf *'( 2 )]. 
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The relation (4.2,16) cannot be true for functions other 
than f( 2 ) = \ ^ log (1+Xz). 

In the following theorem we extend the result (4,2.16) 
as follows. 

T HEOREM 4.2.4 ; ^ f E H, p < 1 ^ |x| 1 1. Then 

Re {(l+\z)[Xzf ' (z) + (l+Xz)zf "(z) ] > (i_|x|), z GU 

implies Re { (l+Xz )f ' (z ) } > p, z £ U. 

P roof : Let 

p(z) = (l-p)“^ [(1+Xz)f’(z) - p]. 

Then p is analytic in U and p(0) = 1. Again by setting 
r(z) = 1+Xz, (so that Re(r(z)) > l-|x| = t) 2 O) » a simple 
computation shows that 

( 1+Xz ) ( Xzf ’ (z ) + (l+Xz )zf '*(z ) ) 

= (l-p)zp’(z) (r(z)) 

«■ ^(p(z),zp’ (z) jz), 

where w(r,sjz) = (l-p)s. (r (z ) ) . The remaining part of the 
proof follows on the similar lines as those of Theorem 4.2.3. 
This completes the proof of the theorem, 

r emark 4,2.3 : If we replace zf’(z) by f in the above theorem 
we obtain that for f £ H, p < 1 and |x| ^ 1, 
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(4.2.17) Re {(l+Xz)[-^^+ (i+xz )f ' (z ) ] } > - -^i^(l- 1 x| ) , : 


implies Re { 


f(z) 


(z/ (l+>^)) 


} > p, z e u 


zf'(z) P(3— x|)— (l— x| ) 

and Re { , z £ U. 

z/(l+te)2 2 


Theorem 4.2.4 gives another sufficient condition for 
a function ft H to be close-to-convex( univalent) in U for 
0 ^ P < 1 whereas (4.2.17) gives a sufficient condition for 
a function f £ H to be close-to-convex (univalent) in U for 
(l-|x|)/(3-|\|) 1 P < 1. 

Vve let {f,z} denote the Schwarzian derivative 




Using Lemma 2.2.4 and (4-2.21) we obtain the following 
theorem that relates the Schwarzian derivative of f to the 
starlikeness and convexity (and univalency) of f and can be 
proved in a manner similar to that of Theorems 4.2.3 and 
4.2.5. Vve illustrate this as follows. 

T HEOREM 4,2.5 : f £ f(z)f'(z)/z 4 0 for z E U. 

T hen for a 0, Re a ^ 0 and h(z) = l+hjLZ+...,a convex 
univalent f unction in U, we have 


(4.2.16) (1+a) ~^|^+az^[{/ f,z} + 1( 1^1 )^] <^h(z) 

implies <(^ z‘‘^^/“V^t^^/“^“\(t)dt, z £ U, 


eu 
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and 

(4.2.17) l+(i+a) <(h(z) 

Implies 1+ z 6 U. 

o 

Furthermore for f £ H and <p £ S*, have . 

(4.2.18) + z^[{/ f,z} + I <^(p(z) 

implies - 1 dt, z £0, 

and 

(4.2.19) + z^[{f,z} + ^( | - T{| - j )^] <p(z) 

implies <^J dt, z £ U 

The results are sharp . 

Proof : If we let 

(4.2.20) p(,) = or + 1 

then as in the proof of Theorem 4.2.1, we see that (4.2.16) 
and (4.2.17) are equivalent to 

p(z) + zp’(z).a <^h(z) , z £ U 


where h is convex univalent function in U. Now the conclusion 
follows from (4.2.20) and Lemma 2.2.4. 
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Similarly if one puts 


= W - W- 1 


then (4.2.18) and (4.2.19) are equivalent to writing 


zp’ (z) <p(z) , z e U. 

Now the conclusions follow from (4.2.5). This completes 
the proof of the theorem. 

R EMARK 4.2.4 : It may be noted that for different choices of 
convex functions h or starlike functions we can obtain 
sufficient conditions for various subclasses of starlike 
and convex functions as obtained in Corollary 4.2.2, interms 
of Schwarzian derivative respectively. 

4 .3 INTEGRAL TRANSFORMS : 

First we generalize and improve the result of Ruscheweyh [ill ] 
as follows: 

THEOREM 4.3.1 : Let f £ H and h ^ convex univalent function 
in U with h(0) = 1. Let ^ a. real number with p > 0 and c 
_be a complex number with Re (p+c) > 0 and suppose g GH 
s atisfie s the property that 


(4,3.1) 


zg* (z) 
^ g(zl“ 


+ c 



z £ U - 


Then for F(z)/z 9 ^ 0 in U, 

(4.3.2^ zf K-z J C^h^zX implies (jlI <^h(z),z £ U 

^ G^'(z) F^-^^(z) N 
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w here 

(4.3.3) F(z) = [-^ / dt]^/^ , 

2 O 

(4.3.4) G(z) = 

z o 

and is. the function defined as in Lemma 3.3.1. 

P roof : By Lemma 3.3.1, (4.3.1) implies that the function 
G defined by (4.3.4) is analytic in U, G(z)/z 7 ^ 0 and 

Be { P + c} > 0 in U. If we set 


(4.3.5) 


p(z) 


zF ' (z ) 

G^(z) F^“‘^(z) 


then the standard arguments as used by Ruscheweyh [ill] and 
others show that p is analytic in U and p(0) =1. A simple 
calculation shows 


(4.3.6) , = p(z) + zp*(z) (x(z)), z e U 

g^^(z) f^"^^(z) 

where x(z) = l/(p, + c) and so Re x(z) > 0 in U. 

Since f £ B(pjh), h(z) = 1+hj^z + . . . , is convex univalent in 
U, (4.3.6) gives that p(z )+zp ' (z ) (x(z ) ) <^h(z), z £ U. It 
is clear that all the conditions of Lemma 3.2.1 are satisfied 
and so by that lemma we have p(z) <^h(z) in U. Hence by 

( 4 . 3 . 5 ) the theorem follows. 
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Next, given F, the function f, given by (4.3.3), is 
written such that 

(4.3.7) f(z) = F(z) {(c+tazF' (z)/f(z))/(c+ij.) 

When \x tends to zero, the subordination relation (4.1.11) 
becomes zf (z)/f(z) <:fh(z), and at the same time the above 
relation (4.3.7) reduces to 

(4.3.8) f(z) = F(z) exp { c~^ (zF' (z )/F( z ) - 1)} - 
for c 0, It follows from . (4,3.8) that 

(4.3.9) F(z) = f(z) exp {-z"^ / t^(f ' (t)/f (t)-t“-^) }dt 

0 

f or Re c >0 and c ^4 0. 

V'.e can use Lemma 2.2.4 to improve and generalize the 
result of Yoshikawa and Yoshikai [151, Theorem 4] concerning 
the above transform (4.3.9) of X-spiral-like functions, 

T HEOREM 4.3. 2 : Let f £ H, c ^ a complex number with 

Rec>(j, c?^0, hh^a convex univalent function in U with 
h(0) = 1, and F ^ defined by (4.3.9). Then f 6 3(0;h) i .e . , 

(4.3.10) <^h(z), z £ U 
Implies 

(4.3.11) <^cz“^ J h(t) dt, z £ U . 

The result is sharp . 
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Proof : Vi/hen we put p(z) = we have from (4.3.8) 

zf'(z) / ^ -1 . , » 

^ f{ r) = P(z) + c rp*(€> . 

Since f G H satisfies (4.3.10), the conclusion of the theorem 
follows from Lemma 2.2.4. Hence the theorem. 

From (4.3.10) and (4.3.11) it follows that for 

- f < X < f , 

(4.3.12) h(z) 

implies e^^ <^e^^ [cz”^ f t*^‘’^h(t )dt]. 

By choosing 

1 + e (2 p cos X - e^^)z 

(4.3.13) h(z) = , P < lf-Tt/2 < X< 71/2 

1+z 

(4.3.12) can be written as 

(4.3.14) Re {e^^ > p cos x 

implies e^^ ^f(z 7 ' ^ [cz“^ f t^“^ h(t)dt] 

where h(z) is given by (4.3.13) and F(z) is given by (4.3.9). 

The relation (4.3.14) is the best possible. The case p= 0 
of (4.3.14) improves the result of Yoshikawa and Yoshikai 
[151, Theorem 4], who proved f £ S^(0) implies 
F e S^(Re(l/c)/(2+Re<l/c)). 
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THEOREM 4 . 3.3 * Let tJ. ^ a real number with |j, > 0 and c 
be a complex number with Re (u+c) > 0. Suppose that f G H 
and h ^ a^ convex univalent function in U with h(0) = 1. 

Then f or f G Bj^(n,;h) and F(2)/z7^0j^U ^ have 

(4.3.15) F'(z) h(t) dt 

z^ 0 

w here F is de fined by (4.3.3). 

P roof : Set 

( 4 . 3 . 16 ) p(z) = F'(z) 

Then p is analytic in U, with p(0) = 1. 

A simple calculation shows that 

(4.3.17) f'(z) = p(z) + , z G 0. 

By Lemma 2.2.4, since f G Bj_(|J,;h) and it satisfies (4,3.17), 
we have 

p(z) h(t)dt, z 6 U 

and so by (4.3.16) we obtain our conclusion. Hence the theorem. 

REMARK 4.3.1 ; Taking p = c = 1 we see that for f G H 
satisfying f'(z) <^h(z) in U for a convex univalent 
function hin U with h(0) =1 then the corresponding Libera 

2 i Z 

transform F(z) = ■§ / f(t)dt satisfies F'(z) \~~2 ^ h(t)dt 

^ o ‘ z - o 

end the result is the best possible. This extends an earlier 
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result of Libera [ 6 l] viz. (3.3.1) (with g(z) = z). For 

p 

instance if f e H and F(z) = 7 j f(t)dt then we have the 

o 

sharp results 

3 5 

f '(z) implies F'(z) <( 1 + "*■ 3 ^ 

= “1“~ + 2 log(l~z)], z e Uj 

and f'(z) <^ 1 +Xz, ( 0 ^ KB ([:) implie s F ' (z ) < 1+1 xz, z eu. 

4.4 SUFFICIENT CONDITIONS FOR A FUNCTION TO BE -SPIRAL-LIKE, 
starlike and CLOSE-TO-CONVEX 

Recall that, Lewandowski et al. [57] showed that if 
f e H for which zf’(z)/f(z), 1 + zf"(z)/f'(z) are non-vanishing 
in U and v is a real number, then 

(4.4.1) Re ( 1 + g.|-* . *|| .j.)^ 3 > o,z G U, implies f G S* 

and in [58], it was shown that 

(4.4.2) Re {( ^1 j ' lj^ ) (1 + - |-r |-| -j-) } > 0, z G U implies f G S*. 

Further in [28], it was also proved that if f G H and 
f(z)f*(z)/z ^ 0 for z 6 U, then 

(4.4.3) Re Cl + + (a+ip-1) > 0, z G U 


implies f e S^(0) 



Ill 


where X = arg (a + ip) , | | ^ 

The case when p = 0 and a = 1/a’ (a* >0) is the welHcnown 
class of a '-convex functions considered by Mocanu [83] for 
a’ >0 and others. In this section we improve all the above 
mentioned relations. 

THEOREM 4.4.1 ; f 6 H, zf'(z)/f( 2 ) l+(zf ”(z )/f ' (z ) ) 

be non-vanishing in U. Then for v > 1/2, 

(4.4.4) <^H..(z) implies f £ S* 

w here the function that maps U onto the complex plane 

s lit along the half-lines Re w = 0, 

llm w| 2 [3 v/(2v-1)]^^^/2)^ 

P roof : If we set p(z) = , then p is analytic in U 

and p(0) = 1. Therefore a simple calculation shows that fo. 
V > 1/2 (4.4.4) can be equivalently written as 

(4.4.5) f(p(z) ,zp' (z) ) s p(z)(l + ;" ■ ; ) <^Hy(z), z £ U, 

P^(z) ^ 

where 

f (r,s) = r(l + . 

r 

We shall show that f satisfies the condition (2.4,28) of 
Lemma 2.4,1 with a = 1 and k = 1 there, i.e., 

(4.4.6) jClr^.s.) = irgd - t 0«Hy(U) , 

^2 
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for all real T2 and satisfying < ~ •! (l+r^). 
If r 2 > 0> then we deduce that 


(4.4.7) 


(1 - 


- 1 )^ ^ r- ^3 ^ 1 

rj 2r2 


It is easy to show that the minimum value of the 
right hand member of the inequality (4.4.7) is 
Yv [3y/(2v-l) when v > l/2. Similarly if < 0 we 

deduce that 

r2(l i -Tv [3v/(2v-l)f“^^/2)^ ^ > j^/2. 

To 


Sj^ V 

and r 2 (l ~ ~^) 


-> according as r 2 — ■> O"*" or 0 * 


Therefore (4.4.5) implies that the condition (4.4.6) holds 
and the conclusion of Theorem 4.4.1 follows from Lemma 2.4.1 
This is an improvement over the result of Lewandowski 


et al. [ 57 ] for v > 1/2. 

REMARK 4.4.1 : For the case v real and v i 1/2, we see th ' 
for f e H, zf’(z)/f(z) and 1 + zf "(z )/f ' (z ) non-vanishing 
in U, the relation 





implies f 8 S* 


holds and this can be observed from (4.4.6). 

REMARK 4.4.2 : In particular for f £ H, zf'(z)/f(z) / 0 and 
l+(zf "(z)/f ' (z)) / 0 in U, we have for v > l/2. 
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(4.4.8) |lm (1 +^fT(f))’'!l 


< Z e 


u 


implies f £ S* 


and 


(4.4.9) i(5|^)i-*’ (1 + sf;:[l|)^ - il 

< (1 + , z e u 

implies f £ S* . 

For V = If (4.4.8) and (4.4,9) respectively reduce to the 
recent results of Mocanu [84], namely, 

|lm (^fr[f}) I < T3, implies f £ S* 

and 

I < 2 implies f £ S*. 

THEOREM 4.4.2 : f £ H and f (z)f ‘ ( 2 )/z 0 for z £ U. 

If f satisfies 

(4.4.10) 1 + + (k~l) <(Qi^(2), z £ U 

f or a complex n umb e r k with Re k > 0, then f £ S (O) , where 
X = arg k, - | < X < f and Qj^(z) is ^ function that m a p s 
^ onto the complex plane slit along the half-lines Re w = 0, 

|lm w| 2 [|k| {2 Re k + 1}^/^ - Im k]. 
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Proof ; If we set 

(4.4.11) pCz) = k , z e U 

then p is analytic in U and Re p(0) = Re k > 0. 

By (4.4,11), (4.4,10) can be equivalently written as 

f (p(z),zp’ (z)) s p(z) z e U 

where l‘(r,s) = r + ~. 

As in Theorem 4.4.1, it can be easily verified that ^ 
satisfies the condition (2,4.28) of Lemma 2.4.1, i.e., 

i(r2 - |“) = ^(ir2,Sj^) ^ ^ 0 

for all real r 2 and Sj^ satisfying s^l- 2^ ' e ’ k '^ ^ ^ k+r^] 

Now the conclusion of Theorem 4.4,2 follows from Lemma 2,4,1. 
Hence the theorem. 

R EAlARK 4.4.3 : The above theorem shows that the same 
conclusion holds under much weaker condition on f than (4,4.3). 
This is an improvement of a result of Eeningenburg et al, 

[28, Theorem l]. 

In particular from the above theorem we easily obtain 
that if f e H and f(z)f'(z)/z 0 in U then 

(4.4.12) |1 + - 1| < [l+c2]l/2, 2 e U 

implies f G S^(0), 
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and 

(4.4.13) |lm {1 + - |t ] + (k-1) < C, z G U 

implies f £ S^(0), 
where X is given by k = |k| e^^ » “ § ^ ^ f 

and C = i\k\ fT+2 Re k - Im k]. 

The equation (4.4.12) and (4.4.13) give new sufficient 
conditions for a function f to be x-spiral-like in U. 

REMARK 4.4,4 : Considering k = l/a > 0, it follows from 
Theorem 4.4,2, that for f £ H, f ’(z)f(z )/2 51 ^ 0 in U and a > 0, 
we have 


(4.4.14) 



1 / 1+z \ . 2z 

+7T2 

i—z 


implies f 


3 • 


This was recently obtained in [84, Corollary 2.l]. 
Letting a — ■> +°°, (4.4,14) yields 


1 4 “ 


zf ”(z ) zf ’ (z) / 2z 

f ' (z ) f (z) S 


implies 


f £ S* , 


In the following theorem we obtain some more results of this 
type. 


THEOREM 4.4.3 ; Let f £ H and f(z)f '(z)/z 0 in U. 


Then 
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1 + 


zf 


"(z) zf ' (z) y4k ez 

rffj - <- 7 - : 2 > 2 e U 


1-z' 


implies 


la 


where 0 < k < cos a , |a| < ^ . 

_ ^ ^ 

1 ^ 2 f ” ( z ) zf ^ (z ) y z zf * (z) yi, c TT. 

1 + f (2 ) \ l+z TTz) N Z £ 

For 0 < p ^ 1 

1 - W <fi W , z e 

P roof ; Let p(z) = . 

Then p is analytic in U, p(0) = 1 and 

1 j. zf ”(z ) zf * (z ) _ ) 

f ’ (z) f { z ) pCz) 

Now using Theorem 3 of [76], it is easy to see that 


U, 


zp'(z) /zq'(z) . r \ / / \ 

-TUT <“qTZr 

whenever q(z) is univalent and zq'(z)/q(z) is starlike in U. 
The conclusion of the theorem now follows by choosing q(z) 
respectively as 4ke^°^z/(l-z^) (0 < k ^ cos a, jocl < n:/2) , 
l+z and (1-z)”^^ , 0 < p < 1 

In [138^ Theorem 4] Singh and Singh proved that if f 6 H 
satisfies 


(4.4.15) 1) + (1-<X) < 1. z eu, 
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for 0 ^ a < 1, then | ^ ^ ^ ^ j ^ -• 1 1 < 1 in U. In the following 
theorem, we improve this result by showing that the same 
conclusion holds under weaker condition on f than (4.4.15). 

THEOREM 4.4.4 : f 6 H and f( 2 )f' {zYz^O U , s ati sfy 


2 

(4.4.16) a - 1) + (l-a) (2-a)z+(l~a)z^, z £U 

f or 0 ^ a ^ 1, then ^1+z i.n U. The function f given 

by f( 2 ) = z e^ shows that the result is sharp . 

Proof : Set 0 < a < 1. If we let 


(4.4.17) 


/ \ zf ' (z ) 1 

= ■fitr ■ ^ ’ 


then (4.4.16) is equivalent to 
p(z ) (l+(l-a)p(z) ) 


(4.4. 18) 


l-a 


+ 2 p’(z) 2 + z^, 2 e U. 


V\'e claim that p(z) ^z. For this if we set 


©(z) = [z(l + (l-a)z)] 

then 6 is analytic in a domain D £3 U and He(6'(z)) > -1 for 
2 e U and 0 ^ a < 1. Then by using a result of Miller and 
Mocanu [76, Corollary 3*l] we obtain that (4.4.18) implies 
p(z) <^ 2 . This by (4.4.17) gives the required implication. 
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REiVIARK 4»4.5 ; Taking oc — 0 in the above theorem it follows 
that for f 6 H, 

implies - l| < 1, z 6 U. 

THEOREM 4.4.5 ; Let f £ H for which zf'(z)/f(z) ^ nonvanishin 
in then for every odd integer n 2 1» 

(4.4.19) (kz +(k-l) <G(z), z e U 

implies f £ s\o), 

where k, a complex number with Re k > 0 and G i^ the function 
that maps U onto the complex plane slit along the negative 
real axis from 

- [-2 I ' - £|k|^ - (Im k)^(l + 2 Re k)“^}]’^ to infinity 

and X satisfies k = jk] e^^ , - ^ \ 

The above theorem can be proved on the same lines as 
those of Theorem 4.4.1 and Theorem 4.4.2 by taking 
p(z) = k and so writing (4,4.19) as 

p^(z) (p(z) + ^pC^y -)*^ s {p^(z)+zp' (z))'^ <^G(z), z £ U 

where G is as defined in Theorem 4.4.5. 

Taking n = 1 and k = 1 in the above theorem we have tho 
following corollary which improves (4.4.2) of Lewandowski et 
al. [58], 
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corollary 4.4.1 ! Lg t f £ H 8nd f(z)f’(z)/z 5 >^ 0 in U. If f 
s atisf ie s 


z f ’ (z ) 

-fTzT 


(1 + 


Zf 


f f 



(i±Z)2 


^=G,(z), z 


e u 


where Gj^ the function that maps U onto the 
entire plane minus the part of the negative real axis from 
~ 5 infinity « 

In particular the above subordination relation gives 


Re { ^ (1 + ^ , z e U implies f £ S* . 

T HEOREM 4.4,6 : If f £ H and f(z)7^0in0< |z| <1 satisfy 

(4.4.21) Re { f ' (z) } > ^ ^ ^ 

for some a > 0 and 2j2a+lT = ^ ^ i^en Re > P in U. 

Proof ; Let pj^(a) = p ( (2a+l)p-l)/2a and consider 

(4.4.22) p(z) = (1-P)“^ [(^)“ - P]. 

Then p is analytic in U and p(0) =1. A simple computation 
shows that 

(f^)a = ^(p(z),zp’ (z)) 

where 

(4.4.23) !?(r,s) = (p + (l-P)r)^ + (P + (l-P)r) 



with r = p(z) and s = zp'(z). 

Using (4.4.21) and (4.4.23), we obtain 
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(p(z) ,zp' (z) ) : z e U}C Q = { w e (j: ; Re w > PjL(a) }. 
Now for all real T 2 and satisfying < 


(l+r^) 


we have 


Re i ^.2 _ (l+rj) 


. =2 P(l-P) _ , , . 
i P - — 2S Pi(“) 


i.e. 'i (ir 2 fS^) .{; Q. 


Thus by Lemma 2.4,1, Re p(z) > 0 in U and hence from (4.4.22) 
we obtain Re ^ > p in U. 

R EJvIaRK 4.4. 6 : Taking p = l/(2a+l) we obtain that for f 6 H 


(4.4.24) Re {(^^^)^“'"^ f (z)} > 0 

implies Re (fM)a 

^ 2a+l » 2 e U, 

and taking p = l/2(2a+l) we get 

(4.4.25) Re { ^ f’(z)} > goTSa+TJ 

implies Re > 2(2a+l) » ^ ^ 

(4.4.24) and (4.4.25) give that, for f E H 

Re f'(z)} > 0 implies Re{^|^}> , z G U, 
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or Re { f ’ (zf ”+f ’ ) } > 0 implies Re f ' (z) > - , z £ U 
and 

p-e j f (z ) } > - ^ implies Re ^ ^ ^ ^ 

or Re {f ' (zf "(z)+f ' ) } implies Re f ’ (z) > ^ , z £ U. 

The following theorem, which relates the Schwarzian 
derivative {f,z }= ~ (. 1 ^ to starlikeness of 

order p and convexity of order p of f, can be proved in a 
manner similar to that of Theorem 4.4.6. So we omit its proof. 

THEOREM 4.4.7 : For f£H, ^lp<lwe have 


Re[(l + "| - r[ |j-)(z^{f,z} + |(1 + |(l+2 ■^f^|f|))]>^P(3p-l) 

implies Re {1 + i ' [f 'I ^ > P » z £ U 

and 




> 


P(3P-1) 


, z £ U 


implies Re { ^ ^ ^ E U. 


For the proof of next two theorems we need the following 
lemma. 

LHMivlA 4.4.1 : I^t Q M a set in jUie complex plane (t, 

r = rj_+ir 2 , Sj_ = Sj^+is 2 ^ t = t^+it 2 * ^..EEOgg. the 

function f ; (J:^ > (j: satisfies the condition 

^(ir2,Sj_,tj_+it2) t Q> 
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k ( l+r? ) 

f or all real r 2 ,Sj^,t 2 satisfying ^ ^ 

if P defined by p (z ) = 1+Pj^z +. . . , ^ analytic in U and 

f(p(z), zp'(z),z^p"(z)) £ Q when z £ U, then Re p(z) > 0 ^ U. 
More general form of this may be found in [75]. 

T HbOREM 4 . 4. 8 : Let f £ H and a be a real number satisfying 
a ^ 0 ^ ^ P < 1* Then 

he + 2a(^|^ - f ’ (z) + zf"(z)) } > ~~ , (z £ U) 

implies he > p, (z £ U). 

Proof : Let p(z) = (l-p)”^ (. fA l I _ p)^ ^ ^ p < 1, z £ U. 

Then p given foy p(z) = l+p^z + ...^is analytic in U. It can 
be easily seen that 

+ 2(i(^ - f ’ (z) + zf"( 2 )) = f(p(z),zp'(z),z^p"(z)) 

where 

*(r,s,t) = 1 + + 2a(l-p)(s+t) 

Ql 

with r = p(z), s = zp*(z) and t = z p"(z). 

, 3p-l 

Now by using Lemma 4.4.1 with Q={w£(p:Rew> 
can easily obtain the result. Hence the theorem. 

Taking a = 0 and P = jO - 1/g) in the above theorem 

we obtain for f £ H 

Re^. z| ,* i , zi .}> p (| < p ^ 1) implies Re , z £ U. 
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The case p— 1/2 was independently obtained by Marx [ 68 ] 
and Strohhacker [l43]. 

Finally we prove 

T HEOREM 4.4,9 : Lei f G H with f(z)f'(z)/z / 0, then 


(i) for 0 < p < 1 and a real satisfying a > l /2 


(4.4.26) Re {f^^j^((a-l) 


zf ' (z ) 
f (z) 


+ 


zf 

f 



} > 


1 ^ p( 2 ap-l) 

2 2 


z e u 

implies f 6 S '^( P ) , 

(ii) for a complex number a with Re a > 1/2, 


(4.4.27) Re +• | , z S U 

implies f £ 

and (iii) 

(4.4.28) Re (z^{f,z} + 1 + fff^) ) > - 5 , z £ U 

implies f 6 S^. 

Proof : Se t 

p(z) = (l-f3)“^ - p] , z e U. 

Then p is analytic in U, p( 0 ) = 1 and 

= f(p(z),zp’(z)) 
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where 

^'(r,s) = a((l-p)r + - (p + (l-p)r) + (l-p)s 

with r = p(z), s = zp'(z). 

Now using arguments similar to those used to prove the earlier 
theorem, one can easily obtain (4.4.26) and (4.4,27), 

For the proof of (4.4,28) we set 


p(z) = , z e u. 


Then p is analytic in U and p(0) = 1, and a simple calculation 
yields 

zp' (z) 


1 + 


and 


2 

Z {f ! 


It 


1 - ^ 1 / Zp' (z) ^2 . (l-p^(z)) 

> z } P ( z ) ~ ^ rv ^ -7 V ^ 9 


2 ^ p(z)' 


Therefore 


z , | !izj) + 1 + = 'i'(p(z),P' (z),z^p"(z)) 


1 ^2 ^ ^3 

1 s . r-r 


TCzT f'(z. 

where 

f (r,s,t) = r'^+2s+t “ ^ + g 

If we take q = { w £ (j: : Re w > - ^ , one can easily obtain 
(4.4.28) from Lemma 4.4.1, Hence the theorem. 


CHAPTER - V 


CERTAIN subclasses OF FUNCTIONS RELATED TO N-SYMMETRIC POINTS 


5.1 INTRODUCTION ; 

A function f in H is said to be starlike with respect 

to symmetric points [l20] if for every r close to 1, r < 1 

and every on jz] = r, the angular velocity of f(z) about 

the point f(-z^) is positive at z = z„ as z traverses the 
o o 

circle jzj = r in the positive direction, i.e., 


(5.1.1) Re C 5 > for z = Ui = r- 

Analytically, it has been characterized [l20] that, 
a function f in H is univalent and starlike with respect to 
symmetric points if and only if, 

(5.1.2) Re ^f' ( 2 )-f C- zT J z ^ U* 

Motivated by (5.1.1), it is natural to extend the definition 
of starlikeness with respect to N-symmetric points as follows 
For a positive integer N, let 6= exp (2Tti/N) denote 

the N^^ root of unity. For f 6 H, let 


N-1 


N-1 

e”lf ( e-^z ) ]/ ( ^ 

3=1 



(5.1.3) 
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be its N-weighted mean function. A function f in H is said 
to belong to the class S* of functions starlike with respect 
to N— symmetric points if for every r close to 1, r < 1, the 
angular velocity of f(z) about the point is positive 

at 2 = Zq as z traverses the circle |z( = r in the positive 
direction, i.e., 

2 f ' (z ) 

(5.1.4) Re { - - - — -} > 0, for z = z , |z [ = r. 

f(z)-Mf_^(Zo) 

It is clear that for N = 2, (5.1.4) reduces to (5.1.1). 

Analytically [l34 ], a function f in H is univalent 
and starlike with respect to N~symmetric points, or briefly 
N-starlike, if and only if, 


(5.1.5) Re > 0, z e U 

where 


, N-1 

(5.1.6) fj^(z) = ^ [f (z)-M^^j^( 2 ) ] = 15 ^2^ f(e^z) 


m z + 2 

m=l 


mN+1 

^mN+1^ 


Here in (5.1.6), a use has been made of the fact that 


(5.1.7) 




N 


if k is multiple of N, 
otherwise. 


The definitions of order and other subclasses related 
to N-starlike functions can be extended in a natural manner. 
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Thus we have the following definitions. 


^ ^ ^ function f in H is said ^ belong 

itilS. class Sj^(A,B) (“I ^ B < A ^ l) if 


(5.1.8) 


-?!' (z) y i+Az 
f^(z) \l+Bz ' 


z e U 


w here fj^ is d efined ^ (5.1.6). 

Vt.e denote by S*(l-2p,-l) s Sj;(p) (0 ^ p < l) and Sj(0) s S* 




and call Sj^(p) to be the class of functions starlike with 
respect to N-symmetric points of order p or N-starlike of 
order p (0 < p < 1). 


D HFINITION 5.1.2 : A function f in H is said to belong to 
the class Kj^(A,B) (-1 j B < A < 1) if 


( 5.1.9) 


(zf 

f 




/ 1+Az 
\1+Bz 


e u. 


We denote by Kj^(l-2p,-l) s Kj^(p) (0 1 p < 1) and Kj^(O) = Kj^ 
and call Kj^(p) to be the class of functions convex with 
respect to N-symmetric points of order p or N-convex of 
order p (0 ^ p < 1). 

D EFINITION 5.1.3 : A function f io H is said to belong to 
ill© class .Cj^(a,B) (-1 i B < a 1 1) if there exists g in S* 
satisfying 


( 5 . 1 . 10 ) 

Vve denote by Cj^j(l-2P,-1) = Cj^(P) (0 < P < l) end Cj^(O) s C^. 
We call a function in functions close-to-convex 
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«,lth rospect to N-symmctrlc points of order f. 
convex of order p (O < p < i)^ 


or N”CljOse-to- 


It may be noted that for N = i, we have f^ = f 
and the conditions ( 5 . 1 . 8 ), (5.1.9) and (5.1.10) show that 
S*(A,B) =* S*(A, 3 ) , Ki(A, 3 .'' S K(a,B) and 
C^(A,B) » C(A,B). Thus the classes s;J(a,B), Kj^(A,B) and 
Cj^(A,B) are the generalizations of Sakaguchi's concept of 
functions starlike with respect to symmetric points [120]. 
Recently the classes S*, Kj^ and have been studied by 
Chand and Singh [23 ], Singh and Tygel [l34], Singh and 
Singh [133] whereas the classes S* 0 ), K^(p) and Cj^(p) 
have been studied by Reddy [104]. 


In this chapter we first obtain, in Section 5.2, 
structural formulae for the classes S*(A,B), Kj^(a,b) and 
Cj^(A,B).. In Section 5 . 3 , using the convolution techniques 
we obtain necessary and sufficient condition for a function 
to be in Sj^(A,8) (or Kj^(A,B)), in Section 5.4, we demonstrate 
the validity of Polya-Schoenberg conjecture for these classes 
by showing them to be closed under convolution with convex 
functions, which in turn further leads to results about 
de la Valine poussin means and partial sums of functions 
in these classes. In Section 5.5 we obtain a result 
concerning neighbourhoods of analytic functions in these 
classes. 



5 . 2 S TRUCTURAL FORM IT. ap ; 

fte first derive the following structural formulae 
for functions in the classes S«(a,B), K^(a,b) and C„(a,B) 
respe ctively . 

lJ=LD,Stion f belongs class S*(a,B) 

11 if f exists a function p £ P(A,8) such that 

,2 t N-1 

(5-2.1) f(z) =j p(t)[exp{/ rj-( S p(e^u)-N)du} ] dt 

o 0 j=0 

where e = exp (2'n;i/N). 

P.T £9 . f : We first prove the necessity of (5.2,1). Suppose 
f 6 S*(a, 3). Then by definition it follows that 


(5.2.2) = p{z) 


where p £P(A,3). Replacing z by e'^'z in (5,2.2) we obtain 


(5.2.3) ifl^ = p(eA) 


From (5.2.2) and (5.2.3), 


(5.2.4) f'(e^z) = p(efz) 


On the other hand, from (5.2.2), 



Differentiation of (5.2.5) on both sides yields 


From (5.2.4), 


N-1 


(5.2.6) fj^(z) = N”-^ E f‘(e^z)=i 


j=0 


PU 


1 N-1 

[N"^ E p(e^ 
j=0 


Comparing (5.2.5) and (5.2.6) we have. 



P* (z) 
p(z) Nz 


N-1 

[ 2 p(e'^2) - Nj. 

j=0 


This gives after a repeated integration the structural 
formulae (5.2.1). 

Sufficiency : Suppose the formula (5.2.1) holds with 
p 6 P(A,8). The function f is obviously analytic in U 
such that f(0) = f’(0)-l = 0. Vv’e first verify by 
differentiation the identity 


z exp { / to( £ p(6Jt) - N)du } 
o j=0 

z , N-1 • z , N-1 ^ 

« / A E p(e'^t)[exp {/ j;^( 2 p( e^u)-N)du }] dt 

o ^ j=0 o j=0 

where p £ P(A,B). Moreover, by (5.2.1) 

z , N-1 . 

(5.2.8) f'(z) = p(z) exp {/ ~( E p(e u)-N)du } 
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which shows that f ^ 0 in U. From (5.2.1), it can be 

easily seen by using the change of variables and the fact 

"t ih 

that e is the N root of unity, that 


(5.2.9) f^iz) -J p(6Js)[exp{/ r^( S p(e^h)~N)dT]}]ds, 

0 1=0 o j=0 

Using (5.2.7), (5,2.8) and (5,2.9) we finally obtain 


ff^(z) = zf ' (z)/p(z). 

This proves the sufficiency of (5.2.1). 

R EMARK 5.2. l(i) : Using the fact that f £ Kj^(a, 3) if and 
only if zf ' £ S^(a,B), one can easily derive from the above 
theorem, the structural formula for a function in Kj^(A,B). 

(ii) Taking A = l-2p (0 ^ p < 1) and B = -1 in 
Theorem 5.2.1 we obtain the structural formula for the class 
S^(|3). 

(iii) Taking A = 1, B = -1 and N = 2 in Theorem 5.2.1 
we obtain the corresponding structural formula obtained by 
Stankiewicz [l42] for functions starlike with respect to 
symmetric points. 

(iv) Taking N = 1 and using the identity (5,2.7) 
we get the corresponding structural formula for functions 
in S*(A,B). 

THEOREM 5.2.2 : The function f belongs to Wie class Cj^(A,B) 

with respect ^ g £ Sjj if pnly if there exist ^ 
f unctions P» q* P £ P(A,B), q £ P .such tha t 
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(5.2.10) f(z) -/ p(t)[exp {/ ||j(Vq(6ju)-N)du}] dt 

O 0 j=0 

(5.2.11) giz)=J q(t)[exp{/ |^( E q (e^u)-N)du}] dt 

o 0 j=0 

where s = exp (2n:i/N). 

Pr£2J[ • To prove the necessary part, suppose that f is in 
C*(A,B) with respect to g G S*. Then by definition it 
follows that 


(5.2.12) 


zf 


where p £ P(a,B) and q £ P. From (5.2.12), 
(5.2.13) g^(z) = 51,^ (z) 


(5,2.14) 




P(z) 

q(i7 • 


As in the proof of Theorem 5.2.1, replace z by e^z in (5.2.12) 
to obtain 

Of * ( Z ) 1 

(5.2.15) g{(j(z) = q(&^z)3- 


Differentiation of (5.2.13) on both sides yields 


(5.2.16) gjJ(z) = -p' (z)[zf '(z)/p(z)^]+[zf ”(z)+(f ' (z)/p(z))3. 
Using (5.2.14), (5.2.15) becomes 
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(5.2.17) 



Comparing (5.2.16) and (5.2.17), we obtain 


f ”( 2 ) _ P' (z) 
f’ (z; p ( z ) 



( S q(6^z) - N). 
j=0 


After a repeated integration we easily get (5.2.10) and 
by Theorem 5.2,1 we obtain (5.2.11). 

Sufficiency part of this theorem can be proved on 
the same lines as those of Theorem 5,2.1. So we omit its 
proof, 

R EMARK 5.2.2 : For A = l-2p (0 | p' < l) and B = -1, the 
above theorem gives a structural formula for a function 
to be N-close-to-convex of order p in U and for the case 
N = 1 with P = 0 reduces tp the well known structural formula 
f or a close-to-convex (univalent) function in U, 


5.3 CONVOLUTION THEOREMS : 

Using the convolution techniques we give necessary 
and sufficient conditions for a function f in H to be in 
S*(A,B) and Kj^(A,B). 

THEOREM 5.3.1 : A function f £ H is in S^(A,B) if and 

o nly if . 

z+tl+Ax+(l+Bx) A^_j^(z)UB-A)'W 

(5.3.1) i[f(z). 

z e u , 1x1 = 1 
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where Aj^Cz) = (l-z^)/(l-z) . 

Proof : A function f e H is in Sj(A,B) if and only if 

f^lz) ^ L+eGF ^ ^ ^ |xi = 1 
which because of normalization of f is equivalent to 


(5.3.2) i [(1+Bx)zf '(z) - f^( 2 ) (1+Ax)] 4 0, z £ \3. 

Since zf'(2) = f(z) ♦ — - — ^ and f.,(z) = f ( 2 ) ♦ — ’^-rr > 

(1-2)2 ” (l-z^) 


( 5 . 3 . 2 ) on simplification reduces to 
, z+{1+Ax+(1+Bx)(1-z^‘'^)(1-2)”^3(B-A)"^x“^z^ 


for z 6 U, |x| = 1, which is the desired convolution condition, 
R EMARK 5.3.1 : For N = 1, Theorem 5.3.1 yields the results 
found in [13 0]. 

Putting N = 2, A = 1 and B = -1 in Theorem 5.3.1, 
we obtain the following convolution condition for the 
univalent functions starlike with respect to symmetric i 

points considered by Sakaguchi [l20]. 

COROLLARY 5.3.1 : A function f in H is univalent starlike i 
with respect to symmetric points in U iY and pnl_Y if, 



jj/O, zGU, )x(=l. 
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3 .,2 : A function f in H is in Kj^(A,b) if and 
only, iiforallzinu^^x, |xj=l, 


(5.3.2) |[f(z) *■ 


2+ {(1+Ax)Dj.(z )+(1+Bx)E.,(z ) } (B-A)*"^x"”^2^ 




(l-z)^ A^(z) 


3 5 ^ 0 


where 


(5.3.3) Aj^(z) = (l-z^)/(i-z) ' 

(5.3.4) Dj^(z) = (N-l)(l-z) {(l-z)Aj^_^(z)-l} + 1 

(5.3.5) Ej^(z) = iA.j^(z)+l} + 1 . 

z+{ (1 +Ax)+(1+Bx)A.t i(z)} (B-A)'’^x’*^z^ 

Proof : Set q(z) = .. J . "-*: 

(1-2)2 A^(2) 


where Aj^(z) is defined by (5.3.3). Using the identity 
zf’(z) * g(z) = f(z) * zg'(z) and the fact that f £ Kj^(A,S) 
if and only if zf ' G S|^(A,B), the result follows from 
Theeorem 5.3.1. 

R EMARK 5.3.2 ; Putting N = 1 in the above theorem, we 
obtain the necessary and sufficient condition, in ternrs 
of convolution, for a function to be in K(A,B) obtained 
recently by Silverman and Silvia [l30]. For N = 1, 

A = 1-2^ (0 < p < 1 ) and B = -1 in Theorem 5.3.2 we obtain 

the results found in [l3l]. 


5.4 GENERALIZATION OF POLYA-SCHQE NBERG CO NJECTUR E ; 

We next show that Polya-Schoenberg conjecture is 
valid for the classes introduced in this chapter. More 
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precisely we have 

I H^ EM. ,5, . 4.1 : If E K ^ f e S*(A,B) (K^(A,B) or 
C^(A,B) resp..) then <p * f £ S*(A,B) (K^(A,B) or Cf,(A,B) 
resp . ) . 

P££2l : ''“6 shall prove that if <p £ K and f £ SJJ(A,B) then 
<p * f £ S*(A,B), other cases can be treated in a similar 
manner. Suppose f £ S^(A,B), then by definition we have 

(5.4.1) (z e U, -1 1 B < A i 1). 


Since |z| = 1 is mapped by ( 1+Az ) / ( 1+Bz ) onto a circle 
centered at (l--AB)/(l-B^) with radius (A-B)/(l-B^) , lying 
in the right half plane, it follows that from (5.4.1) that 
f G Sj^. So changing z to e'*z in (5,4.1) and adding the 
resultant N equations obtained for j = 0,1 ,2, . . . ,N-'l, 
we have that fj^ 6 S*(0) 5 S'*'. 

Since z((p * f)'(z) = <p(z) * zf'(z) and 

(<p * f)i^(z) = <P(z) * we have 


z (<p * f ) ' (z) 
(<p * f)j^(z) 



(p(z) * %(z) 


By Lemma 2.3.1, the range of z(<p * f)'(z)/(<p * f)fj(z) lies 
in the closed convex hull of (zf ' (z )/fj^(z ) ) (U) . The theorem, 
now follows from (5.4.1). 


REMARK 5.4.1 : For N = 1 above theorem reduces to the 

celebrated theorem of Ruscheweyh and Sheil-Small [ll?] on 
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Prlya~Schoenberg conjecture. 

(ii) For A = 1-2P (0 ^ P < l) and B = -1 in Theorem 
5.4.1 we obtain the results for the classes S^(p) (Kj^(P) or 
C^(P) resp.). 

(iii) If we take A = 1, B = -1 and N = 2 we obtain 
the corresponding results for univalent function starlike 
with respect to symmetric points. 

(iv) For the case N = 1» Theorem 5.4.1 would lead 
to the results for the classes S*(A^B), K(A,3) and C(A,B) 
respectively. 

(v) Taking <p to be the convex function 


£ z^(Re c > -l), we obtarn that, if f 6 S^(A,B) (K>,(A,B) 

c+n iM IN 

n=i 

or Cj^(A,B) resp.) the integral transform F^ defined by (1.6.3) 


namely 


F^(z) 


t'^”^ f(t)dt = f(z) 

z"" 0 


* 


{ 2 
n=l 


C4-1 

c+n 


Z^} 


is also in S*(A,B) (Kj^(A,B) or C^(A,B) resp.). This includes 
the result of Bernard! [ 8 ], Bajpai and Srivastava [ 6 ], 
Lewandowski et al. [58 ] and the recent result of Silverman 
and Silvia [130, Corollary l] obtained for N = 1 . 

(vi) If f e S*(A,B)(%(A,B) or Cj^(A,B) resp.), taking 

(p to be the convex function ^ 1-z ^ * 1^1 = ^ ^ * 

then the integral transform of f defined by 

/ f(tH|)LQ dt = f(z) ^ log 

o 
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is also seen to be in S*(A,B) (K^(A,a) or C„(A,B) resp.). 
This includes the recent results of Silverman and Silvia 
[l30, Corollary 2] obtained for N = 1. 

• Xh6 functions f ^ and f 2 in H, are called 
m utually adjoint if they satisfy 

zfMz) 

(5.4.2) Re { Y-Jcf^ (z ) ^ > 0> z £U for i = 1,2. 


This definition is due to Lewandowski and Stankiewicz [ 59 ]. 
It may be noted from (5.4.2) that fj_ and f 2 are close-to- 
convex (univalent) in U with respect to the starlike function 
(fl+f2)/2. 

Now the remarks 5.4. l(iv) and (v) give 
C OROLLARY 5.4.1 : If the functions f and f 2 in H are 
m utually ad joint so also Fj_ and F 2 (or and H 2 resp . ) 
where 


(5.4.3) 

and 




f f. (t) t°"^ dt, Re c > -1 

2^ 0 


Hi (z) 


z f . (t)-f . (xt) 


X I 1 1» X 5^ 1 


f or i 
Proof 


., 2 . 

Suppose that fj^ and f 2 are mutually adjoint then 
zf!(z) 


Re £' 


g(zT 


.} > 0 , z e U, i = 1,2 


where g defined by g(z) = [fj^(z)+f 2 (z) 3/2 is close-to-convex 
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in U. This shows that f . £ r n -.i - r ^ 

c « C for 1 = 1,2. Thus 

by Remark 5.4.1(iv) F. defined by (5.4.3) for i = 1,2 is 
also in C. Further g = (fj_+f2)/2 £ S* implies (F^+F2)/2 
is also in S^ This shows that F^ and F^ are also mutually 
adjoint follows from the Remark 5.4.1(iv) and the fact that 
ff ^2 mutually adjoint. Similar arguments can be 

used for (i = 1,2). This completes the proof of Corollary. 

One can generalize the above result as follows. 

Vve define the functions ^ ^ 

{fl,...,fn} is said to be in $^(A,B) (-1 ^ B < A ^ l) if 
for each j = 1,2, ...,n, 

n 

^ fj(z)) 

(5.4.4) pj(z) = ^ e P(A,B) (z e U,-l 1 B < A 1 l) 

S a. fAz) 

i=l ^ ^ 

where are any fixed positive real numbers. 

It may be noted that (5.4.4) gives by the definition of 
P(A,3) that : 

( 5 . 4 . 5 ) --1 [ z a p.(z)] e P(A,B) : 

n j_-i j j 

E a. 

is=l ^ I 

1 n 

and further it can be easily seen that [ 2 is 

2 a. ^=1 

i=l ^ ; 

in S*(A,3) and so each fj for j = l,2,...,n, is close-to- ; 

convex (univalent) in U. 
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For A 1, B -l, j _ 1^2 (i.e.^with n = 2), 

“l “2 ^ class reduces to the definition 

of mutually adjoint of f^ and f^. Now the remarks 5*4. i(v) a 
(vi) give the following corollary and can be proved in a 
rn 8 nn 0 P similsir “to thst of th© sbov© corollsxy* 

C0R0L mX , ,5-4, . 2 : Let 6 H (i = 1,2 n) ^ 

Then 

(i) { F^ » F 2 » • • . , } £ i^(A,B) 

(ii) {H^,H2,.*.,H^} e f^(A,B) 

where 

Fi(z) = ^ / f (t) t^-^ dt, Re c > -1 
z o 

a nd 

= J — dt, |x| i 1, X ^ 1 


for i = 1,2^. ..,n. 

The de la Vailed poussin mean of function f in H 

00 

defined by f(z) = z + 2 a.z-^ is the polynomial defined by 

j=2 ^ 

,, / (nl)^ ^ (2n)l -j 

n (2n)l j=:i (n-j)! (n+j)! 


n _ , n (n-1) . _2 , 

H^^'^'(n+T)tn+2T®2^ +...+ 


n(n-l) . . .2.1 


a_z 


n 


(n+l)(n+2)...(2n) n 


It was shown in [ 96 ] that for every positive integer n, 
V^(Zff) is convex or starlike in U whenever f is convex or 



141 


starUke in U. Since k defined by k( 2 ) = z/(l-z) is convex 

in U it follows that V„(z,k) is also convex in U. Using this 
fact we prove 


theorem 5.4.2 


I f f e S*(A,B) (Kj^(A,B) or C^(A,B) j6sd. ) then 
liH ^ la ££U£sin mean_ V^(z,f) also in S*(A,3) 


6) or CjgCA,3) resD . ) 

Proof : We prove that f £ S»(A,B) implies V^(z,f) £ S*(A,B)! 
the other cases can be dealt with in a similar fashion. 
Applying Lemma 2.3.1 with <p(z) = V^(z,k) and k(z)=z/(l-z) , 
we see that 


V^(z,k) * 2 f(z) = z(V^(z,f))' 

V^(z,k) * ffj(z) = 

2 (V„(z,f))' _ Vn(z,k) * ^^(z) 

(V^(z,f))j^ ~ V^(z,k) * fj^(z) 

takes values in the convex hull of (zf (H) . 

Thus it follows that Vj^(z,f) is in S^(A,B). 

In order to prove next two theorems we use Lemma 2.3.1 

THEOREM 5.4.3 J If f E S^(l/2), then :yie ^ Valine poussin 
mean V^(z,f) satisfies 

(5.4.4) Re CvJXFTfT^ > l,.z 6 U 



Pr^ : Since f e S*(l/2), is in S^{l/2) and so 

^ z i > 2 > ^ ^ ^ [ 143 ], which is equivalent to (5.4.4). 

Since both fj^(z) = z + E and 

m=l 

(Vj^(z,f))j^ = V^(z,f) * fj^(z) have the power series expansion 

of the same form, it is enough to prove the result for n of t 

form n = Nbu+I , where m ^ 0 is any integer. 

To prove (5.4.5) we note that 


- Nni-fl _ (Nm+l)(Nm) ... 2.1 ^ ,Nm+l 

- Nm+2^ + . . . + (Nm+2) ... (2(Nm+l)) ®Nm+l ^ 




N 


and 


= Tn+17rn+2) + (n+lStnii) in+3) ••• 

+ C2n+l)n(n--l) ... 2.1 

^ (n+IltnW . . . (2n+I) ^ ^ 

satisfies Re £F^(z)} > 0 in U with 


V, 


Nm+1 


(z,f) - f(z) * ^Nra+1^^^’ 


Also by Lemma 2.3.1 
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_ f,(z) . 


fxiCz) * 






f^U) 

takes values in the convex hull of F ('u') 

Nm +1 '■ ' * 

This completes the proof of { 5 . 4 . 5 ). 

The case N = 1 is due to Ruscheweyh and Sheil-Small 
[117 ] whereas N = 2 gives 

C OROLLARY 5.4.1 ; If f satisfies 


‘ rdi-f (iz ) ' > j . 2 e u 


then 


(1) Re { 


.zJ-fA-z 


■} > 1 


( 1 i ) Re C v'j^(zff)-v^[-z!f ^ ° 

f or each integer n > 1 . 

THEOREM 5,4.4 : If f £ S*(l/ 2 ), then for each ini 


have 


Re { 


) 




•} > i , z G U 


n we 


th 

where s (z.f) denotes the n partial sum of f. 

n 

Proof : As mentioned in Theorem 5.4.3, clearly it is enough 
to prove the theorem for n = Nm+1, where m is any positive 
integer. Since f £ S^(l/2) (and so fj^ £ S*(l/2)) taking 
<Jj(z) « f^Cz), g(z) = z/(l-z) and F(z) = in Lemma 2.3.1 
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we have that 


®Nm+l*^’^N^ 

takes values in the convex hull of F(U) i.e. in [w-lj < 1. 
Therefore 

l®Nm+l^^'%^ 1 I - 1 - p IT 

Hence the theorem. 

The case N = 1 was obtained in [ll7 ] and the case 
N = ? gives 

c orollary 5.4.2 : If f satisfies 


_ , 2 f'(z) 

f'® 


} > f , z e u 


then the relation 


holds for each integer n 2 1* 

***'"■"' , th 

In order to obtain some results concerning the n 

partial sums of functions in S^(A,B) etc., we need the 

following lemma due to S. Singh [139] (see also [ 41 ]) 

LEMMA 5.4.3 : m function k(z) = z/(l-z), z £ U 

and for each n i 2, the n*'’ eartial s„(z.k)=z(l-z")/(l-z) 

k _is convex at Least in the dis c | z | < r^^ 
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( ^ 4 ^ i§, ihe smallest positive root of the 

e quation 


(5.4.6) i‘(r,n) s l-r-(n+l) V-(2n^+2n-l)r'^'^^-n^r'^+2 = 0. 

I HU2HHM .. 5^4. 5 : If f ^ in S*(A,B) (Kj^(A,B) or C^(A,B) resp.). 
then the n^ par ti al s^m s^{z,f) U also in S*(A,B) (K^(A,B) 
or Cj^(A,B) resp > ) atleast for z satisfying |z| < r^ where 
i ^ ...the smallest positive root of the equation (5.4,6). 

Proof : Vve shall prove the theorem for the case f £ sJJ(A,b) 
the other cases being treated in a similar manner. Let 
f £ Sj^(A,B) and k(z) = z/(l-z). Since k is convex univalent 
in U and s^(z,k) = z (l-z'^)/(l-z ) , applying the above lemma 
wo have that s^(z,k) is also convex univalent atleast in 
|z| < where is the smallest positive root of the 
equation (5.4,6). Since f 6 S^(A,6) implies fj^ G S*, 
applying Lemma 2.3,1 with £p(z) = s^(z,k), and q(z) = fj^(z) 
w© get that 


Sj^(z,k) * f j^[z] * z(s^(z,f))' 


Sj^CZjik) * fjg'(z) 

is in the convex hull of (zf’/fjsj) f°r |zj < r^ 


» iz < 


or 


z (Sj^(z,f ) ) ' 
(s^(z,f))j^ 


✓ 1+Az 
\1 +Bz » 


|z| < 
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Hence the theorem. 

functions related to S*(A,B) : 

For a function f(z) = ^ + ^k, Ruscheweyh {lie] 

introduced the concept of neighborhood Q (f) of functions 

5 

in H as follows : 

(5.5.1) U (f) = {g 0 H : g(z) = z + E b. and 2 k|a.-b. |<6} 

k=c ^ k=2 ~ 

where 0 < 6 < <». 

He proved, among other results, that if f e H, 6 > 0, and for 
all T) 6 with j-nl < 6, 

f (z) + T)Z 

— ^ e s* 

l+T) 

then Qg(f)CIS*. Fournier [33], Rahman and Stankiewicz [ 102 ], 
Brown [ 14 ] and Rajasekaran [ 103 ] also obtained some 
interesting results on neighborhoods of univalent functions. 

To find some results for the class ^(A,B) analogous 
to those obtained by Ruscheweyh [ 1 I 6 ] we introduce the concept 
of neighborhood as follows : 

DEFINITION 5.5.1 : For-liB<Ail^620we define 

Q. Q .(f,N) the neighborhood of a function f £ H, 

k 

f (z ) = z + 2 a^z ^ 

k=2 ^ 
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= tg e H : gU) = Z + J b.z*' 


, \ ^ k— 6,+ 3k— A 6 , I 

“k=2 i 


where 


^n= i 


1 if n = Nj+1, j =1,2,... 
^ otherwise 


§-Il^ ^ i*^.sicle the bracket is ^ fixed positive integer * 

Note that Qi^_i^ 5 (f,l) = so in this 

case (5.5.2) reduces to (5.5.1) defined by Ruscheweyh [116]. 
Now we have 

T HEOREM 5.5.1 : Let f £ H and for all complex numbers t) 
s uch that Ip I < 6 , suppose 

(5.5.3) f . L^LLU l e S^(A,B)j 

T hen Qa,B ,6 * 

Proof ; Let 

( 1 +Be^®^— 2 (l+Ae^®)—^ 
H*(A,B)=thg eH:hg(z)= ^ 

By Theorem 5. 3.1, we have 

(5.5.4) f e S^(A,B) if and only if ^[(f * h 0 )(z)] ^ 0 
for all hg e hJJ(A,B) and z 8 U. 
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w 

Also, if hgCz) = z H- Z 


k=2 ^ then for n = 2,3,.. 


n 


^ ~ + (3n - A 6^)e 


i© 


where 


'n 


1 


(B-A)e^® 


1 if n = Nj+l, j = 1^2, 
0 otherwise. 


n 


^ II ~ *^n t jSn-A 6 

Therefore |hj 1 -2- ai , .j ^ g < A < 1. 

A-B - = 


Let f defined by f(z) = ^ + in H satisfy (5.5.3) 

for all l-n) < 6 * Then we obtain from (5.5.4) for 
h@ e H*(A,B)^„ that 

, (f * h^) (z) + T)Z 

[ rTT: ] ^ 0 , z £ u, |t)| < 6 


l+T) 


or equivalently 


(5.5.5) 


(f * hg) (z) 


> 6 , z £ U. 


Observe that (5.5.5) is equivalent to (5.5.3). 


Now we assume that g defined by g(z)=z+ 2 b^^z^, is in 

QA^B^gCffN). Then for hg £ hJJ(A,B) , 

(g * h0)(z) 


k=2 




^(f * hQ)(z) ((g-f) * hQ)(z) 

I = t- 


2 6 


z z 

((g-f) hg) (z) 



14f 


But for z £ U, 


^ ((q-f) 


* h@) (z) 


oo 




2 ( 
k=2 


k-6j^+|Bk-A6 

~x:b 




< 5. 

(g * hQ)(z) 

We therefore obtain 0 in U for all 

h 0 £ H^(a, 8 ) and so g £ S^(A,B). Hence, the theorem follows. 
R EMARK 5.5.1 : Putting N = 1, A = 1 and B = -1 in Theorem 
5.5.1 we obtain a resulf of Ruscheweyh [ 116 ] whereas for 
A = l-2j3 (0 ^ P < l) and B = -1 a result of Reddy [104] 
is obtained. The case N = 1 of Theorem 5.5.1 leads to a 
result of Rajasekaran [lOS]. 



CHAPTER - VI 


T HIRD ORDER DIFFERENTIAL INEQUALITIES IN THE COMPLEX PLANE 

6 . 1 INTRODUCTION : 


Let w be analytic in U, with w(0) = 0, and let 
h(r,s) be a complex valued function defined in a domain 
contained tn(|;‘^.With some simple conditions on h it was 
shown by Miller [73] that 

(6.1.1) |h(w(z) ,zw* (z ) ) I < 1 implies |w(z)j < 1, for z 6 U. 

In particular 

(6.1.2) t'''^(z)+zw’ (z) I < 1 implies |w(z)| < 1, for z 6 U. 

The above result was further extended by Miller and 
Mocanu [74] to functions h(r,s,t) defined in a domain 
contained in where conditions on h were obtained to 
ensure that 

(6.1.3) |h(w(z),zw' (z),z^w”(z))| < 1 implies |w(z) j <l,for z £] 
and 

(6.1.4) Re {h(w(z),zw' (z),z^w»(z)) }> 0 implies Re w(z) > 0, i 

for z G U. 1 

I 

In particular, it was shown that ^ 

I 

(6.1.5) |w(z)+zw'(z)+z^w"(z) 1 < 1 implies |w(z)l<l, for z G U.; 

I 

t 

[ 
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Motivated by (6.1.2) and (6.1.5), Miller in [21 , Prob. 5.61 
asked if, for n = 3,4,..., 


(6.1.6) |w(z)+ 2 w' (z) + ...+ ^ (z ) I < 1 for z 6 U 

would imply |w(z)i < 1 for z £ U. In [l47], Toppila gave 
an affirmative answer to this problem by showing that if 
w be analytic in U with w(0) = 0, satisfying (6.1.6) for 
some n ^ 3, then jw(z)| < 71/80 in U. Very recently 
Yueqing [l52] improved the result of Toppila by showing 
that (6.1.6) infact implies 



Goldstein et al. [38] while solving a general problem than 
the one proposed by Miller stated that, the best bound 
in (6.1.7) is likely to be 1/2. However this is yet to be 
e stablished. 

In this chapter an attempt has been made to general!- 
the results of Miller and Mocanu [73,74] viz., (6.1.2) and 
(6.1.3). In Section 6.2 two lemmas have been proved to 
generalize the Jaclc-Miller-Mocanu Lemma. These lemmas have 
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been used to generate subclasses of bounded functions that 
would demonstrate that certain third order differential 
equations have bounded solutions. In Section 6.3, further 
use of these lemmas leads to results concerning the third 
order differential equations having solutions with positive 
real part. 


6,^ GENERALISATION OF JACK-MILLER-MOCA^^^ LEM^iA : 


The basic tools in proving our results are the 
following lemmas. 

L EMMA 6.2.1 ; g defined ^ g(z) = g^ 2 ’^+g^_^j^z’^'^^+. . . ^ 

i©o 

a nalytic in U, with g^ ^ 0, ^ let z^ 0, z^ = r^e 
(0 < r^ < l) be a point of U such that 


(6.2.1) |g(z )1= max |g(z)i. 

|z UIZol 

Then there is a real number m, m 2 n 2 ih^ 


( 6 . 2 . 2 ) 



m 


(6.2.3) 


Re 


Cl + 


Zog”(zg) 

g^Zor 


} > m. 


Further if 


arg g(z) 



< 0 
o 




(6.2.4) 


z=z: 



153 


then 


(6.2.5) 


Re { 


Zo9'(z^z^g"(z^)+z3^"(z ) 


0^ 


'(-o) 


}> m‘ 


E. I.9 . 21. • Although (6.2.2) and (6.2.3) are known and together 
form the J3ck~Millsr~A'locanu Leinrna [74 Jj we reproduce the 
proof for the sake of completeness. For the proof of (6.2.5) 
we follow the method similar to that of Miller and Mocanu [74 
If we let g( 2 ) = R(rQ,0) e for z = r^e^ , then 


( 6 . 2 . 6 ) 


z g' (z) _ i dR 

g (z ) 'Sq~ R ^ * 


Since |g(zQ)| is a maximum value, we conclude that 

d A 

Re {-^ In g(z)} = 0 and Re In g(z)} ^ 0 


hold for z = Zq. 

The first relation implies that [z^g' {z^)/g(z^)] is 
real, while the second relation implies that lz^g'lz^)/g(z^)^ 
is non-negative. Now g(z) can be written in the form 
g(z) = z’^b(z), so that |b(z )| = max ib(z)j. Hence 

|z11|Zq| 

[ z^b ' (zQ)/b(zQ) ] is real and non-negative; however, 



n[l + 



blT^r 


] = ra 2 2 !♦ 


which establishes (6.2.2). 

Differentiating (6.2.6) with respect to 0 we obtain 



154 


•2-^) - 524Ii2,i 

9U) 2 g.(z) ^T?r)] 


^ - i[A ^ i ,«Rl2i 

d02 ‘•R 5^2 ;2 J' 


iince |g(z^)| 


is a maximum value, we have 


^R(zJ 


d^R(z^) 


< 0 and so 


^ {Re(ln g(zQ) } 

r^o9‘(Zo) z g*'(2 ) z a’(z ) 

^ a(z_) n » r? 7; rm — r—l 1 


g'iz 


which with (6.2.2) yields (6.2.3). This proves (6.2.2) and 
(6.2.3). 

Now we proceed to prove (6.2.4). Differentiation of (6,2,7 
with respect to 0 , leads to 


. 12 ^ . 3z S^9'U))\ zc'(z)., 


zg' (z) 


- 3z 

■ z) zg 




C6-a- e>) 


se3 * ^ 3e Ir ^ - ^( 53 ) J- 


By (6.2.4), we see that the real part of left hand side 
of (6.2.8) is non-negative and so using (6.2,2) we get 


Rs { 


Z pg*'* (zQ)+3z^g"(zQ)+ZQg' (Z q) 
Zq^'^Zq) 


, z g»(z ) 2 o 

} ni-3 Re {1+-2 

g'(z) 


Now using (6.2.3) we obtain (6.2.5). Hence the proof of 
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the Lemma 6.2.1. 

remark, , 6. 2.1 : The set of all functions satisfying the 
conditions of Lemma 6.2.1 is not vacuous. For instance, 
consider g(z) = -2-^ . Then 


1-2 


R = |g(re^®)| = |g(r,e)j = r/{l-2r^ cos 2e+r^}^/2 
= -2r^ sin 2©/(l-2r^ cos 2e+r^)^/^. 


Therefore 


dR 


= 0 


e=o 


and 


d^R 

de^ 


= -4rV(l-r^)^ < 0 . 


©=0 


Hence, [gCr^)! = max |g(r,©)). 

|zK|Zoi=^o 


Again, if we set 


$ = arg (z/ (l-z^) ) 


_i 2© 

i.e., $(©) = © - tan ( ) 

l-r^ cos 26 


then 


d# 

^ = 


1 -r 


o 


g 4 f 

l-2r^ cos 26 + r^^ 
o o 


d^$ 4,. 

— ^ = -(1-r ) 

d©^ ° 


4rQ sin 2© 


(l-2rQ cos 2©+rQ)^ 


and 
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dfj ^ 2 cos 20 (4r^ sin 2e)^(l-r^) 

60^ ° cos 20+r^)^ cos 20fr^)^ 

This gives 

arg gCr^,©) ^ -Sr^Cl-r^) 

de^ 0=0 

Hence the required conditions of Lemma 6.2.1 are satisfied. 
Similarly one may verify that the convex function 
k(z) = z/(l-z) also satisfies the conditions of the above le 
RENIARK 6.2.2 : The following example shows that the 
condition (6.2.4) is not implied by the condition (6.2.1). 

So the condition (6.2.4) can not be dropped for the proof 
of (6.2.5). Consider 
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where 


a 


1+a ^ 


2(l+a) 


^ (l-a). Hence 


^ = 2p + ... and ^ 

de'^ 


= 2p. 


©=0 


Thus for a < 0, we have p < 0 whereas for a > 0, we have p > C 
This shows that nothing can be said about - — of the 

d©3 

point where \g(z)\ is maximal. 

RE/viARK 6.2.3 : It may be noted that in [l22. Lemma 2.2.1] 

the conclusion (6.2.5) of lemma has been proved by assuming 
an additional condition namely 


|g(z) I 
de^ 


> 0 . 


z=z. 


L EMviA 6.2.2 : Let tp ^ ^ _ univalent mapping of U onto Q , 
(p(0) = a and such that (p analytic in U except f or atmost 
one pole on dU. D enote by •n(w) the argument of the outer 
normal 6 Q ^ a finite boundary point w £ dQ . Let w 
d efined by w(z) = a + w^z*^ + + ... ^ analytic in 

U, with w(z) a and n 2 1 and set g(z) = ^"’^(w(z)). Suppose 

i©Q 

t hat there exists a point z^ = r^e 6U such that 


w 


w(z ) e 5q w(|zl < r ) (2 


0 ■■ '"O' ■ ■■ ' I- I - -Q 

there is a real number m, m > n > 1, such that 


If Sq = <P"-^(w^) then 


(6.2.9) arg (ZqW'(z^)) = arg (2^ = t](Wq), 

(6.2.10) 1zqW'(Zq) 1 = m ^'(Sq)! > 0, 
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Z^w''(z„) 2 <P'' ") 

(6.2.11) Re {1 + -2— — 2_} > m Re {1 + ° 


w' (Zq) 


■»'(5o) 


3 . 


Further if, 


(6.2.12) Im [ 


g' (z^) 




l (p" U ) z a "(z ) 

i Re [hZJl£l] Re [1 + !oliV 


<P' (j„) 


g'(Zo) 


m 


or equivalently 


„ r^o ,, , Jo 

Re L : -(1+ ^ --m(l + ^))] > 0 




w (Zq) 




and 


(6.2.13) 


d'^ arg (g(z)) 
de^ 


< 0, 


z=z. 


o 


w here g(z) = ^^(w(z)) and ^ = g(z), then 


(6.2.14) Re{~2 2 2 2 2 2- 

ZoW'(2o) 


} 


So 

P roof : The relations (6.2.9) to (6.2,11) have been obtained 
in [74]. However, we reproduce their proof for the sake of 
completeness and for the proof of (6.2.14) we follow the method 
similar to that of Miller and Mocanu [74]. 
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Sinc 0 Wq is finite and (p is univalent at we have 
^ 0 and r)(w^) = r)(<p(g^)) = arg The function 

g given by g(z) = <p“^(w(z)) is analytic in |z| ^ jz^j and 
satisfies IgCz^)! = 1, g(0) = 0, and |g(z)j ^ 1 for jzj ^ r^. 
Then g satisfies the conditions of Lemma 6.2.1. Since 
w(z) = <P(g(z)), (S = g(z)), a simple computation yields 


(6.2.15) 


zw' (z ) 


^ <p' (g) 


zg’ (z) 
9 ( 2 ) 


(6.2.16) 


z (zw * (z ) ) ' 
zw' (z) 


t <P” zg’(z) z(zg'(z))' 
<P* (g) "glzr" zg * (z) 


(6.2.17) 


z(z(zw'(z))')' 
2 'w’ (z ) 


(p' ) 


zg' (z) 
’”9(2) 




3g^<ji"(g) 
X 

^ <p’ ( 2 ) 


[ 


z (zg' (z)) ' 
zg' (z) 


zg ' (z) 
g(z) 


]+ 


z (z(zg' (z) ) ' ) ' 
zg' (z) 


Since g(z) satisfies the condition (6.2,1) of Lemma 6.2.1, 
the conclusions (6.2.9) to (6,2.11) easily follows from 
(6.2.2) and (6.2.3) by using (6.2.15) and (6.2.16), 

Using (6.2.9) to (6.2.11), (6.2.17) gives 


Re { } 

ZoW'(Zo) 


m^Re { 


2 <p'"(2 ) s^<r"(s^) 


Zng"(Zn) 




+ Re {■ 


(z^)+3z^g”(2;n)+z^g’'' (zq). 


Zog' ( zq^ 
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Using (6.2.12), (6.2.13) and (6.2.5) we get (6.2.14). 
This completes the proof of Lemma 6.2.2. 

R EMARK 6.2.4 : For convenience one can write (6.2.12) 
equivalently in the form either 


(6.2.18) 


Re { 




(1 + 


_T^ 


- m)} > 0 


or 


2o^"^^o^ / zvv'’(z ) 

'“FTO 


wMzTj 


m(l + 


’TO 




)} > 0 . 


REMARK 6.2.5 : In [l22, Lemma 2.2.2], the conclusion (6.2.14) 
has been proved by replacing (6.2.12) by 


Iin [jo 


FTO^ • I” [1 + 



g’'(zo) 


] < 0 


and with an additional condition namely 


6^ |g(z) I 
d©^ 


> 0, (g(z) = (p ^(w(z)) and g = g(z)). 


We now proceed to prove our main theorems, 

T HEOREM 6.2.1 : Let w defined by w(z) = a+w^z^+w^_^j^z’^'^^+. . . 
Ue analytic in U with w(z) ^ a and n ^ 1, and let z^ 0 
be a point of U such that 


(6.2.19) hCz^) I = , max |w(z)|. 

Then there is a real number M, 


such that 


( 6 . 2 . 20 ) 

(6.2.21) 


ZnW'(z^) 


wTi;r = 


ZoW"(Zo^ 

Re {1 + i 2 M. 


F urther if . 


(6.2.22) Re { aw^ (a-w^)^ } ^ -2(lm(aw ))^, 


o Z W ( Z ) 

(6*2*23) 0 ^ Re[(laj -aw^) { (l -f ^ ~ ^) ( 1 a |^) 


O' 

- 2m( laj^-aw^) }] 


and 


(6.2.24) -^^^9 5 




< 0 where I = w.( — — ? t} . 

= » o' — I, i2.‘' * 




wa- w. 


a-w. 


= r-~z: 


then 


(6.2.25) 


ZoW’(Zo^ 


a - Wo ) 


] > M^. 


Proof : If we let Q = {w:|wl ^ t^oh? where w(Zq) = w^, 
then (fil) = + e)/{\N^ + ig) is a conformal mapping of 

U onto Q with <p(0) = a. Since = ^~^(w^), a simple 
calculation yields 
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(6.2.26) 


(6.2.27) 


(6.2.28) 


(6.2.29) 


a •“ w 


a - w 






2 2 
WqI -|a) 


- 1^1^) 


Tvg + isr 


and 


1 + 




"VTU 

Therefore, by (6.2.26), 


1 - 


2a g 


Wn - as 


+ a 2 + a ^ 


1 + 


IwqI^+UI^ - 2iw^ 

~VXtJ - 


Iwj2-|a|2 


and so 


Re {1 + 






} = 




( Iwpl-lal 

iw^l^-laj^ 


I Wq I - I a I 


+ a 
o 


Differentiating (6.2.29) with respect to g and then 
multiplying by l we get 


^( S(S<P’(2))')' .S(^<I>'(g))\2 (w^+a s)(-a)-a(w^-a2) 


(^: ) 


= (- 


^(P' (2) 


■) + 


(w^+air 




Wq + a^ 


(Wq + a$)^ 


Thus, by using (6.2.26), 
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(6.2.30) 

ioO'‘-io'> 


-2iw ( a-w )2+[w (i-S )-5 ( a-w „ ) f 


, mm. mm O 

i,a-w ^ .. , 

[w^(a-w^)+a(a-w^)]^ 




~2a(a-w + (2aw -jw^j^ 


o ‘ o 


a|^)^ 


2 n 2 


( lap - |w^|^) 


By Lemma 6.2.2, there exists a real number m satisfying 
m > n > 1 such that 


ZqW'CZo) 


(P'(2o^ IwQ-al^ 

O w - a 


= M, 


Re [ 1 + 


W (Zq) 


] > m Re [1 + 


^n<P”(^nK ivv.-a 


] = m 




= M. 


Thus by (6.2.22), (6.2.23), (6.2.24) and (6.2.30) we get 


z^w'” (z„)+3z2w"(z^)+z w' (z^) 
Re L : — : J 




.2 r^o V"'(So)+3ia‘^’(ic'> + io‘f'Uo) 


^ xrT Re [- 


] 


m 


w —a 

1 V»Q 


n. , 2 , 2x2 

( |w - a ) 


M^. 


This completes the proof of the theorem. 
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2 . 6 ; Again in [l22. Theorem 2.3,1], for the 
proof of (6,2.25) Sangeeta used an additional condition 
as remarked in Remark 6.2.5 and replaced (6.2.22) by 


(6.2.31) 


(Im aw ) 

Re i -2 ° 


a-w. 


2 


This shows our theorem improves the results obtained in [l22]. 

y\ie now use the above theorem to generate subclasses 
of bounded analytic functions and also to show that the 
third order complex differential equation have bounded 
solutions. In what follows J > 0, n will be a positive 
integer, and 'a' will be a complex number satisfying 

n(J-lai) 


< J. V\/e set Xs X(a,n,J) = 


J+ a 


THEOREM 6.2.2 : 1^ Q ^ a set in the complex plane and 

l et h(r,s,t,u) : ■> (j: ^ such that 


(6.2.33) h(r,s,t,u) is continuous in _a domain D C 

(6.2.34) h(Je^®,Ke^®,L,M) ^ q when ( Je^®, Ke^®, L,M) £ D, 

K 2 , Re[Le"^®] ^ t<:(x--l) ^ Re [Me"^®+3Le-^®+K] ^ X^K. 

Let w(z) = a+w^z’^+w^_^j^z’^'^^+. . ^ analytic in U with 

w(z)?ii^a, n^l and at the point z^ where tw(z ) j attains 
i ts maximum value for | z | ^ I I » let it satisfy (6.2.22) 
to (6.2.24). ^ (w(z) ,zw* (z), z^w*'(z) ,z^w'" (z)) £ D when 

z G U and 


(6.2.35) h(w(z ) ,zw* (z) ,z^w"(z) ,z^w’'’ (z) ) £ Q when z € U 
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t hen iw(z)) < J when z 0 U. 

P roof : It is clear that |w(0) | = |aj < J. Suppose that 
i6 

Zq = To e ° 0 U (0 < < 1) is a point of maximum for 

|w(z)j, i.e»> 


(6.2.36) J = |w(Zq) j = max |w(z)j, 

then by hypothesis the relations (6.2.22), (6.2.23) and 
(6.2.24) hold. From (6.2.36), w(z^) = Je^® and since by 
(6.2.20) of Theorem 6.2.1 


w' (z^) 


o sirf- = “ i 


we have ZqW'(Zq) = MJe^® = Ke^® where K = MJ ^ Also by 

(6.2.21) of Theorem 6.2.1, we have 


w"(z ) 


and this simplifies to 


z^w"(Zo) , , 

Rb { ' ' } — R0 { ±Q ^ — X"*l J 




Ke 


o r 


Re }= Re[L e“^^] 2 K(X-l) 


= ZqW’M 

Again by (6.2.25), we obtain 


with L = ZqW’'(Zq) . 


„ z2v.'"(2 )+3z2w»{z )+ZoW'(z ) 2 

Re 5 2 ^ 

ZoW'(Zo> 
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or Re [Me“^® + + K] ^ X^K 

with M = ZqW'" (Zq) . 

Therefore at the point 2 = z^, by (6.2.34) we obtain 
(w(2o),ZoW’ (Z o),ZqW"(Zo),z^w'" (zo)) . 

This contradicts (6.2.35) and hence we must have (w(z) | < J 
f or z £ U. 

R EMARK 6.2.7 : If we take Q = {ri£({^j)r)|<l} in the 
above theorem we obtain the generalized and improved form 
of the results obtained in [122, Theorem 2.3.2]. 

E XAivIPLE . 6.2.1 : Let hj^(r,s,t,u) = ^[r+s+3t+u] with D = 
n = 1, a 0 and Q = {t} £ : Ih! < J} . Condition (6.2.33) 

is satisfied and we need to show that 


1 Je“^®+Ke“^®-K3L+M| 2 2J,or | J+K+3Le"^®+Me“^® 1 2 2J 

when K 2 J, Re(Le'“^®) 2 0 and Re (Me“^®+3Le‘'^®) 2 0 , 

But this follows immediately since 

l2“^(J+K+3Le"^®+Me“^®) I 2 5 Re ( J+K+3Le"^®+Me"^®) 2 ^ = J* 


Hence if w defined by w(z) = Wj^z+... is analytic in U, with 
w(z) 0, 0 < J satisfying 


( 6 . 2 . 38 ) 


de" 


< 0 , where ^ 

ilzj wTUJ 


w(z ) ie 

z=re , 


wi 


2-^0 "o'^o- 

0 < r < 1 and 2 is the point of maximum for jw(z)l, then 



I w( 2 )+zw' (z)+3z^w"(z)+2\" (z)| < 2J for z e U 
implies |w(z)| < J for z £ U. 
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EXAMPLE 6.2.2 : Let h 2 (r,s,t,u) = rs(r+pt+qu), p ^ 3q and q 
is real and non-negative with D = , a = 0, X= 1 (i.e. 

for n = 1), and Q = {h 4 4^ : h} < J^} , condition (6.2.33) 
is satisfied and v^’e only need to check (6-2.34). Thus for, 

K ^ J > 0, Re(Le ^®) ^ 0 and Re (Me'’^®+3Le“^®) > 0, 

|h 2 (Je^®,Ke^®,L,M) I = JKlJ+pLe~^® + qMe“^®| 

= JK 1 J+q ( 3 Le "^®+Me“^ ® ) + ( p-3q ) Le | 

^ JK Re { J+q(3Le”^®+Me"^®) + (p- 3 q)Le”^® } 

JK CJ + q Re(3Le~^® + Me”^®) 

+ (p-3q) Re(Le“^®)} 

^ J% 2 

Hence if w(z) = Wj^z + ... is analytic in U, w(z) 5 ^ 0, 0 < J 
satisfying (6.2.38) then 

1 zw(z )w ’ (z ) [w(z )+pz^w’*(z )+qz^w'*(z ) ]| < J^, 2 G U 

implies lw(z) | < J for z G U 
provided q 2 0 and p 2 3q. 

E XAMPLE 6.2.3 : Let h 3 (r,s,t,u) = r+As+Bt+Cu, D = n = 1, 
a = 0, A 2 0, a 2 3C, and C 2 0 with Q = > J(l+A)l , 
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J > 0. It is easy to check that the conditions of Theorem 
6.2*2 are satisfied. Hence if w defined by w(z) = w^z + ... 
is analytic in U, with w(z) ^ 0, satisfying (6.2.38), then 

tw(z )+Azw' (z )+Bz^w"(z)+Cz^w’" (z ) j < J(l+A) for z £ U 

implies |w(z)j < J for z £ U. 

A use of Theorem 6.2.2 leads to the following 
theorem which shows that certain second order differential 
equations have bounded solutions, 

T HEOREM 6.2.3 : Let h satisfy the conditions of Theorem 6.2.2, 
b(z) be an analytic function and q = b(U). the 

d ifferential equation 

h(w(z ) , zw ' (z ) , z^w"(z ) , z^w'" (z)) = b(z), w(0) = a, z G U 

has a solution w analytic in U satisfying (6.2.22) (6.2.24) 

t hen |w(z)| < J in U. 

If we apply the above theorem to the Example 6.2.1 
we obtain that if the solution w of the differential equation 

w (z )+zw ’ (z )+3z^w'’(z ) + z^w”'(z) = 2b(z), (w(0) = 0) 

satisfies (6.2.38) where Q = b(U) then one must have 

|w(z)|<l, z£U. 

One may similarly construct other examples involving 
^2^ hs etc. as defined in Examples 6.2.2 and 6.2.3 
respectively. 
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6.3 DIFFERENTIAL SUBORDINATION CONDITIONS FOR FUNCTIONS 
WITH POSITIVE REAL PART : 


We first state 

T HEOREM 6.3.1 : Let p given by p(z) = a4-p^z’^+p^_j_j^z’^’^^+, . . 

analytic in U with p(z) ^ a and n 2 1* If 
i© 

z = re (0 < r_ < l) and k = Re p(z^) = min Re p(z) then 




-n(a-p(z^) I' 


-n 


(6«3*l) 2 P* ( 2 ^) 

° " - 2 Re(a-p(zJ) - ^ 


< Re(a + p{z^)). 


( 6 . 3 . 2 ) Re {1 + z 


p”(Zo) 


p'Czg) 


} > 0, and 


(6.3.3) Re {z^p"(Zq) + ZqP'(z^)} £ 0. 


Further if 


(6.3.4) mY^-BY-A > 0, arg ((p’~^(p(z)) 


de" 


< 0 


z=z. 


where 


I = (p“^(p(z)), = <p“^(p(Zq)), Y = Im(l + 


A 


z p"(z ) z^p"(z^) 

= Red . = I™(W 


and cp(s) = (a-(2k-i)S )/(!-■$) , then 


-m^la-p(z.) 1^ 


ZoP"'(^o)+3z„p"Up-fz„p'(zp ^ ^ 

' z„p'(z„) “ 2{Re(a-p(z ))^ 
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or equivalently 

Re[z3p."(z„)+3z„p"(z^)«^p.(z )] i ^ , p.{, ) — , 

^ ° ° 2(Re(a-p(z„))' 

w here m ^ n ^ 1. 

Proof : If we let k = Re pCz^) and Q = {w : Re w 2 k} then 

a-(2k-a)g 


(6.3.6) g)(^) = 


1-S 


is a conformal mapping of U onto q with cp(0) = a. Setting 
^o - ^ ^(p(Zo)) from (6.3.6) we obtain 


(6.3.7) y = 


p(Zo) - a 


p(z^) - (2k - a) 


(6.3.8) 


-la - p(z ) I 


o '^o- 


(6.3.9) Re { 1 + 

and 


2 Re(l-p(z^)) 

5^’ = 




(6.3.10) Re { 




} 


-|p(Zo) - a|^ 

2(Re(a-p(z^) )‘ 


%e now use Lemma 6.2.2 to complete the proof of this theorem. 
3y (6.2.9) and (6.2.10) of Lemma 6.2.2, and (6.3.8) we see 
that ZqP’^Zq) must be a negative real number and that (6.3.1) 
is satisfied. By applying (6.2.9) to (6.2.11) we obtain 
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(6.3.2). We obtain (6.3.3) by multiplying (6.3.2) by the 
negative number z^p' (z^) * Further by using (6.3.4), 

(6.3.10) and (6.2.14) we obtain ( 6 . 3 . 5 ). This completes 
the proof of our theorem. 

We now use the above theorem to generate certain 
subclasses of functions with positive real part and also to 
show that certain third order differential equations have 
solutions with positive real part. We first describe the 
following class of generating functions. 

D EFINITION 6.3.1 : Let r = rj^+ir 2 , s = Sj^4-is2» t = tj^+it 2 » 
u = Uj^+iu 2 and q ^ any set in the complex plane and a ^ 

® complex number satisfying Re a > 0. Suppose that m ^ a 
r eal number . n a positive integer with m 2 n 2 1 and 
’Jfj^(a,Q) the set of functions f (r,s,t,u) — > (j^ satisfying : 


(6.3.11) ^f(r,s,t,u) i^ continuous in a domain D of 

( 6 . 3 . 12 ) (a, 0 , 0 , 0 ) £ f (a, 0 , 0 , 0 ) £ Q 

(6.3.13) (ir2> , tj^+it2»Uj^+U2j^ ) $ Q when 

(r2i» Sj^, tj^+it2>Uj_'^’^2^ ^ 


and 

We let 


< 


n I a-ir2 1^ 
2 Re a 


Si + ti ^ 0 


Ui+3ti+Si 


< 



Sj^ 1 a-ir2 

— ^ — . 

2(Re a)^ 


f (Q) = l'„(l,Q) and f (Q) = 1,(1, Q). 

n n 
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DEFINITION 6.3.2 : The function q defined by 
q(z) = 3 , q(z) * a, 

ro 

a nalytic ,in U, said to ^ iji cla_s_s R ( 9 ) if there 

i© ^ 

exists a point = r^e ° 6 U, 0 < < 1 such that 


0 = Re rCzq) = min Re q(z) 

|z I <r^ 


s atisfyinq 


m 


y2 


BY - A > 0 


arg ^p”^(q(z)) 

d©^ 


< 0 


z=z 


w here I = (p“^(q(z)), I = (q (zq ) ) » Y = Im(l 


A = Red + , fi = Iin(l + -2 2-_) and 


(P’ Uj 


) 


q'(Zo) 


qdzp) 


gj(g) = (a + aS)/(l-d. 

T HEO R EM 6. 3 .2 ; Let W 6 'ifj^(a,Q) with corresponding domain D 
and let p E ~ (p(z) ,zp' (z),z^p''(z),z^p"'(z) ) £ D 

when z G U and 


(6.3.14) {« (p(z) ,zp' (z) ,z^p"(z) ,z^p"' (z) ) : |z| < 1}(^'Q 


t hen Rep(z) > 0 for z £ U. 

P roof : Since p G “R^Ctp), there exists a point z^ = r^e 

0 < r^ < 1 such that 
o 

0 = Re p(z-) = min Re p(z). 

hUio 
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Applying Theorem 6,3.1 we obtain 




'a - Im p(Zq) 
2 He a 


Re {ZqP»»(zq) + ZqP’(Zq)} < 0 


a nd 


Re {ZqP"' (Zq)+3ZqP"(z^)+ZqP’ (z^)} 


1 -m"^z^p'(zQ) 


a-Im p(z^) I 


2(Re (a)) 


2 • 


Using (6.3.13) and the fact that f £ Wj^(a,Q) we must have 


f (p(Zq),ZqP' (Zq),z^P''(Zq),ZqP'»' (Zq)) ^ Q. 


But this contradicts (6.3.14) and so we must have Re p(z) > 0 
for all z £ U, 

REMARK 6.3.1 : Note that the condition (6.3.14) is not 

vacuous concept ; p(z) = a+p^z’'^ will satisfy (6.3.14) for 
small IPf^l* 

EXAMPLE 6.3.1 : Let 

O o O 

^j^(r,s,t,u) = r+ks+m ^(l-r )+4t+u, n = 1 

^ ^ ^ ^ ^ -(k-2)/2} and a = 1. 

1 4 

Then is continuous in the domain D = (f , 

(1,0, 0,0) B 0 and ’i'j^(l, 0,0,0) = iG Q . 

Further for 1 (l+r^)? ^ ^ 

^ s,(l+r^) 

Sj, + 3t +u^ 1 -m^ ^ 


2 


we have 
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R 




- s, 

= ks^ + ra-^ (1+Tp + 4t^+u^ 


/ N r o Si(l+ro) 

(k-2)rjL+s^+tj^ + [sj_+m^ -— — ^ + 3tj_+u^] 


<zi^ 

= 2 


i«®« ^1 ^ ^^2 ^ ^ 1 ^ ^l+i ^2 * '-^2'*"^^2^ $ ^ • 

This shows that S W(1 ,q). Now applying Theorem 6.3.2 to 

CO 

we obtain that for p £ Rj^((p), 


Re [ p(z)+kzp’ (z) + — i- - - ' (l-p^ (z ) )+4z^p '*(z )+z^p (z ) } 


> z £ U 


implies Re p(z) > 0 in U. 

The above theorem also has an interpretation in terms 
of differential equations as given in the following theorem. 

The proof will not be presented as it follows immediately 
from Theorem 6.3.2. 

T HHQREM 6.3.3 : Let q .Jpe analytic function satisfying q(0) = a 
w ith Re a > 0, q(U) = Q and ^ £ ^f^(a,o). W the differential 
e quation 

«(p(z),zp’ (z),z^p'’(z),z^p"’ (z)) = q(z), (p(0) = a), 

CO 

has _a solution p analytic in U such that p £ then 

Re p(z) > 0 in U. 



CHAPTER - VII 


ON SOME subclasses OF ivEROMORPHIC UNTVAT.FNT FUNCTIONS 


7.1 INTRODUCTIOI : 

In previous chapters we have studied a few subclasses 
of univalent analytic functions in U. In this chapter, we 
study certain subclasses of functions of the form 


(7.1.1) g( 2 ) =1+2 b z" 

^ n=0 ^ 

which are univalent and analytic in 0 < |z| <1, Thus, at 
z = 0, these functions have a simple pole. Denote this class 
by E. 

Let E*(A,B), Ej^(A,B) (-1 ^ B < 1, B < A) be the 
subclasses of functions in E satisfying 


(7.1.2) 
and 

(7.1.3) 


-zg' (z) / l+Az _ ^ „ 

■“inr” N . z e u 


rZg"(z) . .N yi+Az 


, z e u 


V y 

g’ (z) Ni+Bz 

respectively. E*(l-2p,-l) and Ej(r(l-2p ,-l) (0 ^ p < l) are 
respectively the well-known subclasses of E consisting of 
functions meromorphic starlike and meromorphic convex of 
order p. Denote by E*(l-2P,-l) = S*(P) and E*(0) = E*| 
Ej^(l-2p,-l) = 2j^(p) and = Ej^. 
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We say that a function g £ I is mexomorphic 
X-spirallike of order p in 0 < jz| < 1 if 

(7.1.4) -Re {e^^ ^ > P cos X , z £ U 

f or 0 ^ P < 1 and < X < ^. We denote this class by 

Similarly we say that a function T of the form 
(7.1.1) analytic in 0 < |z| < 1 is mexomorphic class to 
convex of order p and type X (p < -l/d_j^, 0 ^ X < l) in 
0 < |z| < 1 if there exists a function <p of the form 

cj oo 

(7.1.5) cp(z)=~5^+ Z d^z^, d , 0, 

which is mexomorphic starlike of order X(i.e. ip need not 
be normalized) such that 

(7.1.6) Re > p, z £ U. 

If we choose cp(z) = ■“ ^ » then the condition of 
mexomorphic close-to-convexity reduces to 

(7.1.7) -Re {z^ 'I''(z) 3 > p, z £ U. 

Now let g and ’5! be two functions with series 

g(z) = + Z d z"^, (d_, ^ 0) 

^ n=0 

^(z) =~ + Z e z’^, (e , 7 ^ 0) 
z n “ 


e xpansions 
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which are analytic and univalent in 0 < jzj < 1. In [109], 
Robertson showed that the convolution or Hadamard product 
g * S' of such functions defined by 

k 

d ,e , « 

(g * ^){z) = + S d„e„ 2 ^ 

^ n=0 

is analytic and univalent in 0 < jzj <1 (for d = e = l). 
Furthermore he proved that (g * S') is not only close-to- 
convex of order 0 in 0 < {z| <1 with respect to q)(z) = -l/z 
but also meromorphic starlike of order 0 in 0 < jz| < 1. 

To a certain extent the work on univalent meromorphic 
functions has paralleled that of univalent analytic functions 
since one is tempted to search for a class of functions in 2 
which is analogous to that of analytic case. However, though 
a large number of papers have appeared dealing with the 
classes defined, through convolution, of analytic functions, 
it is somewhat surprising that no attempt appears to have 
been made in defining the classes, through convolution, 
of meromorphic functions. In the present chapter we make a 
modest attempt in this direction. 

In Section 7.2, we give a necessary and sufficient 

condition for a function g in 2 to be in 2*(A,B) and 

2„(m,B) (-1 < B < a < 1) respectively in terms of 

aL — — 

convolution# In Section 7*3, we give containment relation 
for the classes Section 7.4, we study certain 

integral transforms in the class T^^(A,3) and in turn 
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to the classes E*(A,B) and i;j^(A,3) which are much more general 
than the one considered by Goel and Sohi [37] and Bajpai 
[ 4 ]. In the last section of this chapter we study some 
sort of converse problem for functions in T^‘(l-2p ,-l ) . 


7.2 CO;-'1VOLLTION TKBQREMS : 


In this section we use convolution techniques to 
obtain necessary and sufficient condition for a function g £ 2 
to be in 2*(A,B). 

T HEOREM 7.2.1 : A function 9 in E is in E*(A,B) (-1 ^ B < A 1 l) 

_i f and only if 

1 + (l-(A-23)x) ( a-B)“^x“^z 

(7.2.1) [g(z) * { ; “2 ^3 ^ ^ 

z (1-z) 


f or 0< jzj <1, |xl=l. 

Proof : The function g in E is in E*(A,B)(-1 ^ B < A ^ l) 
if and only if 


(7,2.2) 


zg* (z) / l+Ax 
g(z ) ^ 1+Bx 


f or z e U and |x | = 1. 

Since -(zg'(z)/g(z)) = 1 at z = 0, (7.2.2) is equivalent to 
(7.2.3) -zg' (z) (1+Bx) - g(z)(l+Ax) 0, 0 < jzl < 1. 

OO 2^ 

Since g(z) = 7 + ^ ~ 9(z:) * (l-zT^ 

n=0 



E 

n=0 


n b^z 


n 
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= g(z) * (7 - 7 “^), 0 < jzj <1 

= g(z) * ( — 1= 2-7- ) 
z(l-z )2 

SO that the left hand side of (7*2#3) may be expressed as 

, , ^ + (l-(A-2fl)x) (A-B)“^x“^z 

g(z) # [ -5 ] ^ 0 

2(1-2)“^ 

fox 0 < jzj < 1 | jxj = 1 , which is the desired convolution 
condition , 

If we set g(z) = - + 2 b^z*^, then 

^ n =0 ^ 

(zg’(z))' = (-zg'(z)) * — ■ ?< ) 

z (l-z 

and so from Theorem 7.2.1, and the identity 

zg’Cz) * w(z) = g(z) * z ^'(z), g, f £ 2 
we obtain 

THEOREM 7.2.2 : A function g in 2 ^ in 2j^(A,B) (-1 < B < A < l) 
if and only if 

-1+3 ( 1- ( A-2B ) X ) (A-B )“^x”^z+2 ( 1- ( A- 2 B )x ) ( A-B )“^x”^z^ 

g(z) *[ ; 

z(l-zr 

f or 0 < |z| < 1 , |x|=l. 

R EMARK 7.2.2 ; For A = l-2p, B = -1, Theorems 7.2.1 and 
7 , 2.2 give necessary and sufficient convolution conditions 
f or a function g £ 2 to be in 2 *(p) and 2 j^(p )(0 i p < l) 
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respectively, 

■J llEQ-BEM. 7,2.3 : A function g 6 Z X —spiral — like of 
P (0 i p < 1) 0 < jz j < 1, if ^ onl^ if 


(7.2.4) g(z) * 


2p cos \ I 

i +(— ut)z 


1 + e“^^^-2p cos X e”^^ 


L 


2 ( 1 - 2)2 


:jiO 


for 0 < jz| < 1, jx| =1. 

P roof : The function g £ Z is X-spiral-like of order P 

(0 ^ p < 1) if and only if 

(7.2.5) -Re {e^^ } > P cos X, z e U, j xj < |. 


iX zg’ (z) . . ^ 

-e — 7 — r- - 1 sin X 

9(z) 

Since — = 1 at z = 0, 

cos X 


(7.2.5) is equivalent to 


iX zg ' (z ) 

-iTTT - - =1" ^ ^ i+(2P-i)x „ , , , 

^ 1+x ^ ix|-l» X 5^ -1 


cos X 

which simplifies to 


(7.2.6) -(l4-x)zg’(z) + (e“2i>^_2p cos X e'^’^-x) g(z) i 0, 

where x stands for conjugate of x. 

The remainder of the argument is the same as that of 
Theorem 7.2.1. Hence the theorem. 
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CONTAINMENT RELATION FOR A NEW SUBCLASS OF £ ; 

Now we define the class T^(A,B) as follows : 
definition 7«3.1 : Let 5 , A, B ^ arbitraTliv fixed real 
n umbers such that 6 > ~1, -1 1 B < 1 with B < A. A function 
9 G L is said to ^ the class T^(AjB) if it satisfies 


(7.3.1) 


where 


^£ ^+^g-{2) 
E ( z ) 


- 2 



l+Az 

l+Bz 


z e U, 


( 7 . 3 . 2 ) E'^g(z) = * g(z), 6 > -1, 0 < |z| < 1. 

z(l--z)° 


It is readily seen that for 6 = n £ N U {0} 


2 ^ d^ / n+1 / 

E g(z) = ^ (z g(z)). 

With this notation the well-known condition for g £ E to be 
in 2*(A,B) can be written as 


g £ E*(A,3) if and only if g £ T^(A,B). 

Note that E°g(z) = g(z) , E^g(z) = zg’(z) + 2g(z) 

and so E^g(z)-2E°g(z) = zg'(z) = * g(z). 

z(l-z)^ 

For the proof of our next theorem we need the following 
lemma * 

L EMMA 7.3.1 ; For g £ 2 and 6 > -1 ^ have the following 
i dentity 
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(7.3.3) 2 ^(E«g( 2 )) = (6+l)E«+^g(2)-(a+2)E«g(2), 0 < | 2 | < 

where E^g(z) is given by (7.3.2). 

oo 

P£0££ •• If we set g(z) = + E b_z", then 

n=0 


(7.3.4) E«g(z) = — ♦ g( 2 ) 


2 (l-z)' 




n=0 


n=0 


Now ec?uating the coefficients of z constant term and z*^ 
in the expansion of (6+1) E*^‘''^g(z) - (6+2) E‘^g(z) with the 
corresponding coefficients in the expansion of 2 (E*g(z))', 
the result follows. 

T HEOREM 7.3.1 ; 6 > -1. 

(a) Suppose that the constants A,B and 6 > -1 satisfy 


/ X (5 “1“ 1 “h B 

(7.3.5) B < A < for ~1 < B < 1. 

= 6+2 

Then for q £ T^ ,(A,B) we have 


(7.3.6) g e T^(A\B) 
w here 

(7.3.7) A' = A + (A-B)/(6+l) . Further, 


(7.3.8) 


-( 


E^'^^g(z) 

E^g(z) 


2) <- ill = <r^’^ 
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where 


f J-+Bt2 \ “ ^ ( Q ) 

4+B2 ^ 


(7.3.9) Q(z} = i 


dt, if B 0 


^ / exp {(6+2}(l-t)A2} t«5 dt, if B = 0. 
(b) S uppose _y 2 e constants A,B, 6 > -1 satisfy 


n y A y ’ 6+I4-B 

B < A ^ min , 2B} 

wi^ 0 < B < 1, then 

(7.3.10) ,-l) 
w here 

(7.3.11) p’ = 2 - [f(1, (6+2)(^)j 6+2j B/(1+B)]"^ 
( c ) Suppose that for 6 > -1 

B < A < min { » 0} 

= 6+2 * ^ 

w ith -1 < fl < 0, then 


( 7 . 3 . 12 ) t^i(a,b) Ct^d-ap" ,-i) 

where 

(7.3.13) p" = 2 - [F(l,(6+2)(^);5+2j -B/d-B)]”^ 

and F(a,bjcjz) is.a^ defined ^ (2.2.2). The relations 
( 7 . 3 . 8 ), ( 7 . 3 . 10 ) and ( 7 . 3 . 12 ) are a 11 the best possible; 
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£££2£ • follow the method similar to that of Theorem 2.2,1 

Let g e T^^ 2 (A,B) where 6 > -1, -1 ^ B < 1 and B < A. 

Set (p(z) = z[zE^g(z)j L/(1+6) rj^=sup {r : g5(z )5^0, 0< j z | <r<l }. 
Then <P is single valued in 0 < |zj < r^ and using (7.3.3) 
it follows that p defined by 


(7.3.14) 


p(z) 


z (fi' (z) 

<P(z) 


( 


E°'^^g(z) 

E'^g(z) 


2 ) 


is analytic in |z| < r^ and p(0) = 1. Since g £ Tg^i(A,B), 
(7.3.1) coupled with (7.3.14) and (7.3.3) easily leads to 


(l!!!i(i2 2) 


&fl 
6+2 ’ 6+2 


+ 


(p(z) + 


zp* (z) 


(6+l) (2-p(z)) 




In otherwords, 


(7.3.15) 


P(z) 


+ y i+Az 

pp(z) + V * 1+Bz 


where 

(7.3.16) P(z) = (1 - ■^)p(z) + p = -(6+2), y = 26 +3 


It can be easily seen that for ■* 1 ^ B < 1 and A B 


Re } > 0 in U iff A and B satisfy the 

following inequalities 


■(6+l)+(26+3)B (6+1)+(26+3)B 


6+2 


< A 1 


6+2 


for -1 < B < 1 



a nd 


A > 


(36+4) 

6+2 


for B 


1 . 


It may be noted that (7.3.5) obviously satisfies the above 
inequalities and so it follows that 


{ P ('f > 0 in U under the condition 
(7,3.5). Using Lemma 2.2.1 we deduce that 

(7.3.17) P(z) <(q(z) <(^ , |z| < 

Where q is the best dominant of (7.3.15) and is given by 

(2) = 5^ <1(2) + 5^^* Again by (7.3.19) we get 

^ , A(6f2)-B 

(7.3.18) p(z) <5(z) =.^[^]+2< ,|z| < 

where Q(z) is given by (7.3.9). From (7.3.5) and (7.3.18) 
we see that Re p(z) > 0 in jzj < r^^. This, by (7,3.14), 
shows that (p is starlike (univalent) in (z| < rj^. Thus it 
is not possible that cp vanishes in |z| < r^ if r^ < 1. So 
we conclude that r^ = 1. Therefore p is analytic in U. 

Hence by (7.3.14) and (7.3*18), g £ Tg_^j^(A,B) implies 
^ 6+1 / \ 

_ _ 2) -^q(z) provided 6 > A and B satisfy (7.3.5). 

E*g(z) ^ 

This proves (7.3.6) and (7.3.8). 


(b) Next we show that 
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provided 6 > -1, A and B satisfy 
(7.3.20) B < A < min , 2B} . 


If we set a = -p (^), b = p + v, c = p+v+l (p = -(&4-2), 
V = 26+3) then c > b > 0. From (7.3.9) by using (2.2.3), 
(2.2.4) and (2.2.5) we see that for 0 ^ B 


Q(z) = (1+Bz)® / (1+Btz)“® t*^”^ dt 


(7.3.21) 


vy 

f(b) Rc-b) 

He) 

1Tb) Fc-b) 

Ho 


F(a, c-b; c jBz/(l+Bz) ) 
F ( i , a j c j Bz/ ( 1+Bz ) ) , 


Again (7.3.9), by (7.3.21) for 0<B<1, B<A< min {~^,2B} 
(so that c > a > O), can be rewritten as 


with 


Q(z) = / 
0 

g(t,z) = ■ 


gCt,z) dn(t) 

1+Bz 

l+(l-t)Bz 


dp(t) 


fTb) 

f(a) |tc-a) 


t^“^(l-t)^"‘®“^ dt. 


Using Lemma 2.2.2, (with \ = 0) and the method same as that 
of Theorem 2.2.1, we easily obtain 


Re 1 , z e U 



187 


This proves (7.3.21) and so by (7.3.8) we obtain (7.3.10) 
(For the case A = min 28} we obtain (7.3.10) by 

letting A —> [min 28} ]■*■). 

(c) In a manner similar to that of part (b), using the 
Lemma 2.2.2 (with X = ii:) we can easily show 

inf Re q(z) = q(-l) 

|z|<l 

provided 6 > ~1, A and 8 satisfy -1 ^ 8 < 0 with 

8 < A ^ min {0, } . The proof of part (d) follows on 

the same lines. Sharpness follows from the best dominant 
property. 

7 . 4 INTEGRAL TRANSFORMS ; 


lA/e study in this section certain integral transforms 
of functions in the class T^(a,B). For a function g 6 2, 

-1 °° 

defined by g(z) = z"* + S 8ajpai [ 4 ] defined the 

n=0 

integral transform by 


(7.4.1) G^(z) = 


1 

c / u^ g(uz)du 
o 


oo 

-1 ^ V 
z +2 


where c is real with c > 1 and showed that 


(7.4.2) 


g e 2*(p) implies G^ 6 Z* {^) (0 1 p < l) 
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Reddy and Juneja [ 105] showed that the relation (7.4.2) 
continues to hold if c in (7.4.1) is taken to be a complex 
number satisfying Re c > 0. They improved the relation 

(7.4.2) further by using a weaker condition on g. In the 
following theorem we give the sharp relation in generalized 
form as follows. 

THEOREM 7.4.1 : Let 6 > -1 , c ^ a complex number satisfying 
Re c > 0 and the constants A,B,5 and c satisfy 


(7.4.3) B 


(1-B) Re c 
6+1 


< A < 3 + 


(1+B) Re c 
6+1 


for -1 < B < 1 


and 


2 Re c 

(7.4.4) A 2 -1 ^ — for B = -1. 

C onsider the integral transform defined by (7.4.1). 

(a) If g 6 T^(A,B) then the function defined by (7,4.1) 
s atisf ies G^ 6 Tg(A,B). 

Furthermore 


(7.4.5) -[■ 


E'^‘*'^G^(z) 

G^(z) 


6+1^0^^"^^ 6+1 ^ S U 


where 


(7.4.6) Q(z) 


^ / 1+Rt7 “(6+1) c-1 

/ (tT S ---) ^ t'^ ^ dt if B 5^ O 

o 

j 

1 1 r_i 

/ exp {--(l+6)A(t-l)z} t^"* dt if 3 = 0. 
o 
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f c is real with c>0, 0<B<1 and B < A < 
min {3 + -- , , B + ? , then for g e 1 ^(a,B) 


6+1 


we have 


(7.4.7) e T^(l-2p*,-.l) 

where 


(7.4.8) P» = ^ {c+6+l-[F(l,(6fl)(^);c+ljB/(l+B))]"-^} 


(c) ^ c is real with c > 0, 

B(c-6) 


(1+B)c 


B < A 1 min {- — , B + — } for -1 < B < 0 


and 


-1 < A i for B = -1 


t hen for g £ T*^(A,B) have 


(7.4.9) 

where 


nM. 


e r’ (i-2P",-i) 


(7.4.10) P" = -^ {c+6+l-[F(l,(6+l)(^)jc+l?-B/(l-.B))r^} 


B 


The results are all the best possible one 

P roof : Suppose that g £ T^(A,B) and A,B,6 and c satisfy 

(7.4.3) and (7.4.4). 

Since G is defined by 


G( 2 ) * G (z) = (z’^ + 2 z'^) * g(z) 

n=0 
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and 


E^giz) 



+ 2 
n=0 


l?n+6+2} 


z 


n 


it can be easily seen that 

(7.4.11) z ^ [E^G(z)] = c E^giz) ~ (l+c) e‘^G(z) 

(7.4.12) z ^ [E*G(z)] = (6+1) E^+^G(2)-(6+2)E'5 g(z) . 
Equating (7.4,11) and (7.4.12) we get 


(7.4.13) c E*^ g(z) = (c-6-1) E*G(z) + (a+l) E^'^^G(z). 


M 


Let g e T'(A,B). We put 


-l/(6+l) 


Cp(z) = z[z E*^G(z)] 

and = sup {r : <P(z) ^O, 0< |zj <r<l}. Then <P is 
singlevalued and analytic in |zj < and p defined by 

(7.4.14) p(z) = , 2) 


cp(z) 


E*G(z) 


is analytic in [zj < p(0) = 1. 

Using (7.4.11) and (7.4.12), (7.4.14) by differentiation 
reduces to 

^ ' zp*(z) 


' ‘“g(z) . . . 

(7.4.15) -( 2) = p(z) + 

E^ g(z) 


c+ 6+l-(6+l)p(z) 


» |z} < r. 


Since g eT^(A,B), we have by (7.4.15) that 
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(7.4.16) 


p (z } + 


zp* (z) 
Pp(z) + 


_ X l+Az 
y \l+Bz 


9 


where P = -(frt-l) , = c+6+1. 

Using Lemma 2.'2*1 , we deduce that 


(7.4.17) p(z) <5(.) I,, < 


1 * 


It may be noted that for p = -(6+1) and v = c+6+1 with 
-1 < B < 1 and B < A 


Re {p (j^) + 0^} > 0 in U 

if the conditions (7.4,3) and (7.4.4) are satisfied. 

Thus it is not possible that (p(z) vanishes in jzj = r^^ 
if rj^ < 1 whenever A,B^ and c satisfy (7.4.3) and (7.4.4). 
So we conclude that r^^ = 1. Therefore p is analytic in U 
and hence by (7.4.16) and (7.4.17) we obtain the first part 
of the theorem from Lemma 2.2,1. 

(b) For the second part it is enough to show that 


(7.4.18) inf q(z) 
|zl<l 



CotlT^ 


C+6+1 

6+1 


where Q(z) is given by (7.4.6), provided 6 > -1, c, A and B 
satisfy 0 < B < 1 with 


(c+l)B „ (l+B)c, 

A < B < min { B + — r ":” — » B + — } • 


6+1 


If we set a = -P , b = p + 2^ 


6+1 
‘ = p+y+1 


(P 


(6+1), = c+6+1) then c' > b > 0. From (7.4.6) we 
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as before see that for B 0 


Q(z) = (1+Bz)® / (1+Btz)”® t^~^ dt 


nb)r(c'-b) 

r ( c ') 


F(l,a| c ' }Bz/(l+Bz) ) . 


For 0 < B < 1, B < A < min { B + -^^^B + -^^ } 

‘ 1 + 6 ^ 1+6 ■* 

we see that c’ > a > 0 and so (7.4,6) can be rewritten as 


Q(z) = / g(t, 2 ) dp,(t) 

o 


where 


g(t,z) = 


1+Bz 


l+(l-t)Bz ’ 


dn(t) dt . 

f^(a)f(c'-a) 


Using Lemma 2.2.2, (with X = 0) and the method similar to 
that of Theorem 2.2.1, we easily obtain 


^Q(z)^ = q(i) » z G U. 

This proves (7.4.18) and hence by (7,4.17) and (7.4,14) we 
obtain (7.4,7), (For the case A = min { B + t B ^ 

we obtain (7.4,7) by taking limit as in Theorem 7,3,l(fa). 

Part (c) can be proved on the similar lines using 
Lemma 2,2,2 with X = 11 :. 

Taking 6 = 0 in the above theorem we obtain 



193 


C OROLLARY 7.4.1 : Let c ^ a complex number satisfying 
Re c > 0, and consider 


B ~ (l-B) Re c < A ^ B + (l+B) Re c when -1 < B < 1, 

and 

A > -1 - 2 Re c when B = -1. 


Define 


GAz) = (A + 2 


z^) * g(z) when Re c > 0. 


z ^^0 


(a) Zi. 9 ^ I!*(A,B) then the function defined above 
s atisf ies 


g:(z) , 

-Re {z } > inf Re [• - [qJ^] + 


c+6+1 


] 


where 


B-A 


/ ® t^"^ dt if B 5^ 0 

Q(z) = 


1 


/ exp {A(l-t)z} t*'~^ dt _if B = 0. 
o 


(b) ^ c rs real with c>0, 0<B<1 and 

B < A I min {B +(l+c)B, B + (H-B)c} then 

g e E*(A,B) implies £ S* ( 1-2 P| , -1 ) 
where pj_ = c+1 - [F(1, c+IjB/CI+B) ) ] 


( c ) ^ c is real with c > 0, 

B < A < min {-Be, B + (l+B)c} when -1 < B < 0 
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and 


-1 < A ^ c when 8 = -1 

then 

g e implies e 2*(l-p”,-l) 

w here 

p’^ = c+1 - [f( 1, jc+l;-B/(l-B) 

R EJVIaRK 7.4,1 ; Since g £ 2 j;^(a,B) if and only if 
-zg' ( 2 ) £ r*(A,B) one can show that the Corollary 7.4.1 
remains true on replacing Z*(A,B) by Zj^(A,B) both in the 
hypothesis and the conclusion of the theorem. 

Substituting A = l-2p with B = -1 in part (c) of 
the above theorem, we get the following sharp result 
C OROLLARY 7.4.2 : g £ Z, ^ for real c > 0, 


G^(z) = (z‘ + z") ♦ g(z) 


-(c-1) 

T hen for — 2 ^ ^ 1 have 


g ez*(p) implies £ Z*(p”) 


and 


g £ Z^(P) implies G^ £ Z^(pp 


K, 


w here P'^ = c+1 - [f(1, ; c+l;l/2)] 


The result is sharp 
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The above corollary shows that the result obtained 
extend the earlier results of Sajpai [ 4 ], Goel and 
Sohi [37J, Recjdy and Juneja [ 105] and others. 

7.5 INVERSE PROBLEM : 

In the earlier section we considered the function 
defined by 

Gc(z) = [z--^ + z"] * g(z). 

If we solve the above equation for g in terms of G we see 

c 

that 

(7.5.1) g(z) = ~ [(1+c) G^( 2 ) + zG^(z)]. 

Given some property of G (z), we can ask questions about 
the nature of g(z). A problem of this type can be regarded 
as a sort of inverse problem. 

For considering such an inverse problem of Theorem 
7.4.1 for A = l“2p and B = -1, we need the special case 
of the following theorem. 

T HEOREM 7.5.1 : L^t p and q ^ regular in U and 

Re p(z) > 0, q(0) = 1 and Re q(z) > 0 for z £ U. Further 
l et C{^ 0) and D ^ complex constants such that C+D ^ O. 
Then 


(7.5.1) Re {p( 2 ) + clbqf^ ^ ^ ° 
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2 


in |z| < p(C,D) 


(7.5.2) 


[ |Cr+2+4jDj + |Dr - fR] 

|C-D| 

iMj 

[|C|^ + 2+4jD| + |Dj^ + 


where 


(7.5.3) R= ( |c|^+2+4)d|+|d1^)^ - |C^-D^|^ . 

The result is sharp for C real and non-negative constant . 
Proof : Using the well-known inequalities [27 ] 


(7.5.4) 
and 

(7.5.5) 
we have 

(7.5.6) 


P’ (z) I < 


2 Re p(z) 


[z = r 


l-r' 


lq(z) - (-^) ! < , |zl = r, 

1-r^ --LX 


, ^ 2 p'(z) , , ,zp’(z) , 

+ C+Di^(z 7^ ^ ■* 'C+D5T771 




jC+Dq(z) 1 


Further we have, 
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|C+Dp{z) I - -2^ > |c + £11+4^1 - ^ 

1-T ~ l-r"^ 1-r^ l_r2 

|C+D-(C-D)r^) - 2 (|d| + l)r 

— ^ 

1-r^ 

Since jc+D - (C-D)r^) - 2(|Dj+l)r has positive value at 
r = 0 and negative value for r = 1 it has atleast one zero 
in (0,1). Denoting its smallest positive root by p(C,D) 
we get from (7.5.6) that 

z p * ( z ) 

Re {p(z) + > 0 in |z| < p(C,D). 

It is easy to check that the smallest positive root of 
the equation 

iC+D - (C-D)r^l - 2(|Dl+l)r = 0 

is given by p(C,D), where p(C,D) and R are defined 
respectively by (7.5.2) and (7.5.3). 

In [ 37 ], Goel and Sohi proved that if G belongs 
to E* then g defined by (7.5.1) is meromorphically starliJ^® 
in 0 < |z| < Vc/ (c+2) . However their claim is incorrect. 
This can be easily seen from the following example. 

Let G(z) = = I + 2+z and c = | 

Then g(z) = | + 5 + 4z, 
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- - 2 ,- 4 ?^ 1 - 4^2 

1+5z+42^ (4z+1)(z+1) 

and so according to Goel and Sohi g is meromorphically 
starlike in 0 < |z) < 1/2. But this is not so because 




The following theorem not only rectifies the result of Goel 

and Sohi [37] but also generalizes the corresponding results 
in this direction. 

THEOREM 7.5.2 : Let G^ £ T^(P) (O ^ p < 1) and c a 
c omplex number such that Re c > 0. Define g ^ 


g(z) = ^ [(l+c)G^(z) + zG^Cz)]. 

Then g belongs ^ T^O) in |z| < p(C,D) 
for C = c+(l+6)(l-p) and D = -{1+6) (l-p) 
where p(C,D) is given by (7.5.2). 

Proof : Since G^ 6 T^(p) we can write 

,_1 E^+^G (z) 

p(z) = (1-3) ^ [-( — - — 2 2) - 3] 

E* G^(z) 

where p(0) = 1 and Re p(z) > 0 for z £ U. As in the proof 
of Theorem 7.4.1 we get 
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By hypothesis p is analytic, Rfep( 2 ) > 0 in U and p{0) = i. 
Set 

(7.5.7) C = c+(l+6)(l-p) and D = _(i+6)(l“p) 

so that C+D ^ 0. Hence by Theorem 7.5.1 we obtain that 

g e TgVp) in |zi < p(C,D) 

where p(C,D) is obtained from (7.5,2) using (7.5.7). 
Substituting 6 = 0 in the above theorem and noting the 
Remark 7.4.1 we obtain the rectified form of [ 37 ] in 
the following corollary. 

C OROLLARY 7.5.1 ; If belongs ^ E*(p) (or Xtsp. ) 

f or 0 ^ P < 1 and 

g(z) = i [(1+c) G^(z) + zG^(z)], Re c > O 

t hen 

g e S*(p) (^ 2jj,(p) resp . ) in (z| < P(C,D) 
with C = c+(l--p) and D = -(l-p). 
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